J 




THE ASTRONOMICAL ASPECT OF THE 
THEORY OF RELATIVITY 


W. DE SriTER 




University op CAuronNiA. PonMCAiioNS in Maturmatics 
Volume 2, No. 8, pp. 143-100, 4 figiiroa in text 
laauQcl Juno 22, 1033 


University op Camfornia Prkhs 
BERKBL ray, Caijpounia 


CAMBRioae University Press 
London, Engi-and 


CONTENTS 

PAGE 


Preface v 

I 

1. Introduotion. Gravitation and inertia 143 

2. The restricted principle of relativity 144 

3. The general theory of relativity. Field equations and equations of the geodesic . 146 

4. General character of the theory of relativity 147 

II 

5. Integration of the field equations to the first order 148 

6. The "oruoial phenomena." Red shift 160 

7. Bending of rnya of light 161 

8. Motion of perihelia 162 

0. Motion of the moon 163 

10. Precession 163 


III 

11. Inertial fi,old of the universe 164 

12. Observed density and expansion of the universe 164 

13. General form of the line oloinont 160 

14. Static solutions 160 

16. Relativity of inertia 168 

10. Nomstatio solutions 160 

17. Three-dimensional space of constant curvature 160 

18. Fundamental equations of the expanding universe 161 

10. Discussion of the pressure of radiation 163 

20. Transformation of matter into radiation 103 

21. Rays of light 104 

22. Balance of gravitation and expansive foroo 106 


IV 

23. Transformation of the fundamental equation. Diltoront typos of solution .... 106 


24. Intograblo cases 170 

26. Empty universes 171 

26. Introduotion of the pressure 172 

27. Intograblo cases 173 

28. Numerical value of the pressure terms .174 

29. Numerical integration and dovolopmont in series 176 

30. Examples 170 

31. Indeterminacy of solution 182 

32. The time scale 184 

33. Motion of material particles 180 

Appendix! On static and quasi-statlo (empty) universes 191 

34. Existence of stable imivorsos and transformation to non-statio ones 191 

36. Motion of material particles 194 




PREFACE 


T he Hitchcock Lectuhes which I had the honor and pleasure of giving at the 
University of California in Januai-y, 1932, consisted of three lectures, having 
for their subject the astronomical applications of the theory of relativity. 
The chapters I and II of the present paper are essentially identical with the first 
two lectures. The third lecture treated of the theory of the expanding universe, 
which is the subject of the rest of the paper. Tlie firat two chapters must not be 
considered as a kind of introduction to titeso chaptci’S III and IV, in the sense that 
they prepare the reader for the perusal of these later chapters, or even facilitate the 
reading of thorn: they only provide a sort of liistorical background. Tho last two 
chapters are the real substance of the paper, and tho justification for its publication. 
They contain, in addition to the subject matter of the third lecture, worked out 
in more oomploto detail than was possible in the oral delivery, some new results that 
have been found, or now points of view that have been reached, during the half-year 
elapsed after tho giving of the lecture. It would be impossible in the present stage 
of rapid dovolopmont of tho theory, and it has not been my aim, to give anything 
like a complete review of tho subject. I claim no more than to have presented thbse 
parts of it in which I am specially intoiestcd, in sucli a form ns to represent my 
personal views up to tho <latG of writing*, and I must apologize in advance for many 
omissions which, in an exhaustive treatise, would bo a serious blemish. 

Leiden, lOlh Auguei, 193$ W. de Sitor 

* Notes added during tho oorrooting ot tho proofs (30Ui Jammry, 1033) aro inolosod in square 
braoketa. 




THE ASTRONOMICAL ASPECT OF THE THEORY OF 

RELATIVITY* 


BY 

W. BE SlTTEB 


I 

1. Introduction. Gravitation and Inertia 

The old Greek philosophy, which in Europe in the later middle ages was synony- 
mous with the works of Aristotle, considered motion as a thing for which a cause 
must be found : a velocity required a force to produce and to maintain it. The great 
discovery of Galileo was that not velocity, but acceleration requires a force. This is 
the law of inertia of which the real content is: the natural ’phenomena are described by 
differential equations of the second m'dei'. The science of mechanics os based on this 
law of inertia was made into a consistent system by Newton. Newton also dis- 
covered the law of gravitation, that force wliich causes bodies on earth to fall, the 
moon to move in its orbit around the earth, and the planets around the sun. Both 
tho law of inertia and tho law of gravitation contain a numerical factor or a constant 
belonging to matter, which is called mass. Wo have thus two definitions of mass; one 
by tho law of inertia: mass is the ratio between force and acceleration. Wo may call 
tho moss thus defined the inertial or passive mass, as it is a measure of the rosistaneo 
offered by matter to a force acting on it. The second is defined by the law of gravita- 
tion, and might bo called tho gravitational or active mass, being a measure of the 
force exerted by one material body on another. Tho fact tlmt these two constants 
or coofficients are the same is, in Newton’s system, to bo considered as a most 
remarkable accidental coinoiclonco and was decidedly felt os such by Newton himself. 
He made experiments to dotennino tho equality of the two masses by swinging a 
pendulum, of which the bob was hollow and could be filled up with different ma- 
terials. Tho force acting on tho pendulum is proportional to its active mass, its 
inertia is proportional to its jDa-ssivo mass, so that the period will depend on the ratio 
of the passive and tho active moss. Consequently tho fact that the period of all these 
different pendulums was the same, proves that this ratio is a constant, and can bo 
made equal to unity by a suitable choice of units,i.o., tho inertial and the gravitational 
moss are tlio same. These experiments have boon repeated in the nineteenth cen- 
tury by Bessel, and in our own times by EStvfis and Zeeman, and the identity of 
the inertial and the gravitational mass is one of tho best ascertained empirical facts 
in physics — perhaps tho best. It follows that the so-called fictitious forces intro- 
duced by a motion of tlio body of i-eforence, such as a rotation, are indistinguishable 
from real forces. Thus, for example, tho force acting on Newton’s famous apple is 
tho difference of tho gravitational attraction between the earth and the apple, 

* Consisting, in part, of tho lectures doUvorod on tho Hltohcock Foundation, 1032. 
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which is a “real" force, and the centiifugal force, due to the rotation of the earth, 
which in the classical system of mechanics is a “fictitious" force, since it arises from 
the inertia of the apple, This distinction between real and fictitious forces, however, 
is an artificial or formal one, introduced by the theory; there is no essential cliff crenco 
between the two. In Einstein^s general theory of relativity there is also no formal 
theoretical difference, as there was in Newton’s system. Inertia and gravitation are 
identical, the equality of inertial and gravitational mass is no longer an accidental 
coincidence, but a necessity. 

2. The Restricted Principle of Rela.tivity 

The physical world has three spacial dimensions and one time dimension. Why 
this is so, and what is the meaning of it, 'is a difficult metaphysical or psychological 
problem. For our present purpose it may be simply accepted as an empirical fact. 
The position of a material particle m at a certain time t is thus defined by throe 
space coordinates x, y, z. The complex of those five data,.w, x, y, z, t, may be called 
an event, The different events are located in a four-dimensional continuity which is 
characterized by the “interval,” of which the expression, in tho simplest case, can 
be taken to be : . 

In this four-dimensional continuum, transformations of coordinates can bo per- 
formed bringing the interval into the general form: 

ds® - ^ dXa dxp, 

where a and take tho values from 1 to 4, 

The laws of classical, or Newtonian, mochanics are invariant for orthogonal trans- 
formations of the three space coordinates x, y, s, and for linear transformations 
defining a velocity, together with a change of units, i.o., for transformations of tho : 
form 

x'^ax+U'\-c. 

The equations of the electromagnetic theory are invariant for those same tran^^j 
f, formations, but also for the so-called LormU-lransformation, which is an orthogonal 
transformation of the four coordinates x, y, z, and it. In tho system of classical 
mechanics the continuum is not really a four-dimensional continuum but a 1 irar 
series of three-dimensional continua; the time has a different character from tlill 
three space coordinates. In tho electromagnetic theory the four coordinates », ft. 
and it are, as Einstein has shown, formally entirely equivalent. Thus, from about 
1904 to about 1914, physicists were in a dilemma; as Sir William Bragg said: 6|1 
Mondays, Wednesdays, and. Fridays they believed in one system' of physios and on 
Tuesdays, Thursdays, and Saturdi^ in a quite different one. In classical NewtonihlS 
mechanics space and time are absolute, have a real existonco apart from tho ihill 
terial phenomena. The independent (adsteneo of absolute spaco and absolute tiiho^ 
he^ been speoially postulated by Newton at tho beginning of his great work, AbdUfc^ 
twenty years ago this Newtonian ^tem was still accepted by many physioil^? 
when they were discussing mechanic^ phenomena on Monday. On Tuoscl&y,i 
however, ; when they were thinking about electromagnetic phenomena, light, efco.i 
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they had the choice between three different systems. Lorentz still believed in the 
absolute space, which ho called "rether,” and the absolute time of Newton, and in 
his theory the motion of material systems and electrons through the tether affected 
the dimensions and other physical praperties of these bodies, e.g. by the well-known 
Lorentz-contraction. The velocity of propagation of light, having nothing to do 
with matter, but being purely relative to the cether, was a constant. Einstein had 
some years previously shown that Lorontz's theory could be presented in a different 
form, abolishing the absoluteness of space and time, and putting the constancy of 
the velocity of light at the beginning of the theory as a postulate or axiom. This is 
the so-called restricted theory of relativity in which the postulate of absolute space 
and time is replaced by the constancy of the velocity of light. There was still a third 
theory, that of Ritz, who denied both the absoluteness of space and time, and the 
constancy of the velocity of light, returaing thus, in a way, to Newton's emission ' 
theory of light. 

This was the position about the end of the year 1912. The theories of Lorentz and 
Einstein are only two different interpretations of the same set of formulae and are 
consequently really the same theory. There is no experimenium crucis which can 
distinguish between the two; whether we accept the one or the other is a question 
of taste. On the other hand, between these two and the theory of Ritz an experi- 
inentum crucis is quite possible, and it was pointed out early in 1913^ that the experi- 
ment had already been made hundreds of times. The existence of spectroscopic 
binaries and the possibility of representing the observed relative radial velocities 
by the ordinary Keplerian laws, provide a conclusive proof of the constancy of the 
velocity of light. Wo were thus left (on Tuesdays) with only one theory, the re- 
stricted theory^ of relativity, either in the form of Lorentz or of Einstein. In this 
theory the laws of nature are invariant for Lorentz-transforraations, as has been 
pointed out. Several phy.sicists — Lorentz, Poinear6, and others, have tried to fit 
tho mechanical laws — the Monday theory — into the new Tuesday scheme, but of 
course this could not be done without some adjustment. Gravitation in the now 
system was still a force, like any other force, requiring its own particular law. 
Newton's law of gravitation, not being invariant for a general Lorontz-transformar 
tion, but only for the transforinations of classical mechanics, required a slight 
emendation to fit it into tho system of the restricted theory of relativity, which 
seriously impaired its beautiful simplicity and elegance, and the identity of gravita- 
tional and inertial moss remained an accidental coincidence or a miracle, os before. 

3. Tiik Geniskal TiiEony op Relativity. Field Equations 
AND Equations op the Geodesic 

In January, 1914, Einstein i^ublished the first draft of his general theory of 
relativity, not completed until November, 1016. In this theory tho laws of nature 
are invariant, not only for Lorentz-transformationa but for any arbitrary transfor- 
mation of the four coordinates .t, y, z, t, within certain restrictions of continuity, 
oto. If we make the assumption — which in tho light of the modern devobpments 
of quantum theory, wave mechanics, and the like, might, however, appear somewhat 

• do Sitter, Proceedings, U. Acad. Soi. Amsterdam, 16: 12D7. 
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dangerous— that a material particle or electi-on has individuality, so that it makes 
sense to speak of different positions at difierent times of the same particle— if we 
make that assumption, the sequence of different positions of the same particle at 
different times forms a one-dimensional continuum in the four-dimensional space- 
time, which is called the world-line of the particle. All that physical experiments 
or observations can teach us refei'S to intersections of world-lines of different ma- 
terial pai'ticles, light-pulsations, etc., and how the course of the world-line is between 
these points of intersection is entirely iiTcIevant and outside the domain of physics. 
The system of intersecting world-lines can thus be bent and twisted about at will, 
so long as no points of intersection are destroyed or created and their order is not 
changed. This is the meaning of the invariancy for ai-bitrary transfoimations. The 
metrical properties of tlie foui'-dimensional continuum are described by the ton 
coefficients appearing in the expression for the interval ds in terms of dx, dy, dz, 
di, The law of inertia requires that those potentials, as they arc often called, (jap 
shall be determined by differential equations of the second order. This naturally 
leads to the introduction of a certain tensor of the second order of which the com- 
ponents Gap are made up of the gap and their first and second derivatives, and which 
has the identical property that: 

div(G«p-i{/a/j(r)=0. 

Ji 


The physical state of matter and energy can be described by the so-called 
material energy tensor, of which the components are : 

rp = ^ ^ dx^ 

ds ds 

The laws of conservation of energy and matter are expressed by the equation: 

Also divr^^O. 

divg„p^0 

is an identity. 

The vanishing of the divergence moans inherent peimanency. It is thus natural 
to adopt for the relation connecting the metrical properties of the four-dimensional 
contmuum with the physical properties of matter and energy, which forms the 
contents of this continuum, the identity of the two inherently permanent tensors, 
VIZ. : the metrical and the material tensor. The fundamental equation of tho general 
theory of relativity is thus: 

^and « being two numerical constants. Calling the left member of this equation 
we have, of course, identically div = 0, wliich is equivalent to four conditions 
m3Sum”^ conservation of energy (matter) and of 

SnThflTfW? coefficients and ten equations (I) but there are four identities, 

folfffidpf by (I) is not complete; there remains a four- 

because otherwise transfoimations of coordi- 
nates would no longer be possible. 
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The world-lines of material particles and light quanta are the geodesies in the 
four-dimensional continuum defined by the solutions gap of the field equations (I). 
The equations of the geodesic : 


(II) 


d'^x^ I j gff ) dXg dxfi _ ^ 


thus are equivalent to the equations of motion of mechanics. When we come to 
solve the field equations (I) and substitute the solutions in the equations of motion 
(II), we find that, in the first approximation, that is for small material velocities 
(small as compared with the velocity of light), these equations of motion are the 
same as those resulting from Newton^s theoiy of gravitation. Thus the distinction 
between gravitation and inertia has disappeared; gravitation is an intrinsic property 
of the four-dimensional continuum. A body, when not subjected to an extraneous 
force, describes a geodesic in the continuum, just as it described a geodesic in the 
absolute space of Newton under the influence of inertia alone. 

Of the two constants X and k in the field equations, k, which appears as a factor 
multiplying the material tensor, cori’esponds to the constant of gravitation in 
Newton’s law and may thus be made equal to unity (or to Stt as is often done) 
by a suitable choice of the unit of mass; X appears as a multiplier of the gap defining 
the metric, and consequently X = 1 may be taken to be equivalent to a choice of the 
unit of length. 

It should be noted, however, that the equation (I) also makes sense if the term 
Xff ap is omitted altogether, i.e. X can be taken equal to zero. It can also be negative. 
The interpretation of X as defining a material unit of length (which is favored by 
Eddington) is thus not imperative. The unit of length may be loft free, and X inter- 
preted as meaning something else. We will return to the part played by X later. 

The unit of time has already been fixed by making the velocity of light, c, equal 
to one. 


4. General Character of the Theory op Relativity 

Two points should bo specially emphasized in connection with the general theory 
of relativity. 

First, it is a purely physical theory, invented to explain empirical physical facts, 
especially the identity of gravitational and inertial mass, and to coordinate and 
harmonize different chapters of physical theoiy, especially mechanics and electro- 
magnetic theory. It has nothing metaphj'sical about it. Its importance from a 
metaphysical or philosophical point of view is that it aids us to distinguish in the 
observed phenomena what is absolute, or due to the reality behind the phenomena, 
from what is relative, i.e. due to the observer. 

Second, it is a pure generalization, or abstraction, like Newton’s system of me- 
chanics and law of gravitation. It contains no hypothesis, as contrasted with the 
atomic theory or the theory of quanta, which are based on hypothesis. It may bo 
considered as the logical sequence and completion of Newton’s Pnneipia. The 
science of mechanics was founded by Archimedes, who had a clear conception of the 
irelativity of motion, and may be called the first relativist. Galileo, who was inspired 
by the reading of the works of Archimedes, took the subject up whore liis great 
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predecessor had left it. His fundamontal (Imeovery is the law of iiau-tia, which is 
the backbone of Newton’s elaasical system of rmailianicH, and rctaius the Haine 
central position in Einstein’s I’clativistm system. Thus one contiiiuouH liia? c»f thought 
can be traced through the development of our insight into the luc.chanii'al proct'sses 
of nature, of which the diffei*ent stages may b(i (!hanu't(!riz<Hl liy the Ht‘(in(*ni‘e of 
these four great names: Archimedes, Galileo, N(!wton, hlinstein. 

It may be helpful to a good understanding of tlu^ (H)iiception of tin' physical 
universe implied by the general theory of relativity, to consider the dilTi'i'cnt defini- 
tions of a straight lino. 

What are the possible physical realizations of a straight line? In tlu! old mcclninics 
there are four of those, viz.: 

(1) a ray of light, 

(2) the track of a material particle not subject to any forces, 

(3) a stretched cord, 

(4) an axis of rotation. 

The fourth definition is the one favored by the groat matheniatHuan Ihuui Poiiicari'!. 

In classical mechanics these four physical representations of a straight line are 
identical. Arc they still identical in the theory of relativity? 

The definitions 1 and 2 define the straight line as the lu'ojeetion on the three- 
dimensional space ?/, s of agcodesic in the four-dimonsional space-time coiitimumi. 
This projection will be a geodesic in three-dimensional sjiace only und(U' vmy special 
conditions. In the general ease the two projections will differ from (‘aidi otluu-, and 
neither of them will be a geodesic. Also the projection may be a geculesie in one sys- 
tem of coordinates but not in another. 

The stretched cord is by definition a geodesic in tlio three-dimensional space. As 
a rule, this will not be a geodesic in the four-dimonsional continuum. The rotation 
axis is also by definition a lino in three-dimensional spaccj. Tlin definition, however, 
presupposes the possibility of the rotation of a rigid body, wlii(4i would hi) possible 
only in a homogeneous, isotropic, and statical field, i.e., in a world without any 
material bodies (rotating or otherwise) in it, which by their gravitational field 
would upset the isotropy. The definition is thus moaningleaa in tlio general tlieory 
of relativity. 


11 

5. Integration op the Field Equations to the First Ordicr 


We must now consider more closely the two fundainontal equations (I) and (11). 
It is, of course, not possible to do this without a certain amount of actual mathe- 
matical handling of the formulae. I do not intend, however, in tluiae lectiirea to go 
into the detail of all the computations. I will, on the contrfiry, aaaume a genoral 
knowledge of the theory and the notations, and only call attention to those relations 
and formulae which are of special astronomical interest.® 


R. AsV sL Londo776-BS -Si jta Mtronomioal ooiiBoquoncos,’' Afonlhly Noltcea, 
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The line clement ds is detenninod by the potentials j/ajs, wliicli must be found from 
the integration of the field equations (I). These contain the material energy tensor 
Tojg wliich depends on the velocities dx^/ds. These latter are determined by the 
equations of motion; i.e. the equations of the geodesic: (II). These contain the 
Cliristoffel symbols [aff, p.}, which ai*e functions of the g^p and their first differential 
quotients. Thus, rigorously, the treatment of the equations (I) and (II) must be 
simultaneous, and the problem is of a complication which surpasses our matlie- 
matical powers. We must proceed by successive approximations, and we will os a 
first approximation suppose the g^p to differ only by small quantities from their 
so-called galilcan values: 



-I 

0 

0 

0 


0 

-1 

0 

0 


0 

0 

-1 

0 


0 

0 

0 


corresponding to the special 

tlicoiy of relativity. 



We will provisionally consider statical fields only so tliat the and the gu are 
zero and the others are independent of the fourth variable t. The lino element can 
then be written: 

( 1 ) ds^==~ad(T^A-ft^dt^ 

da- being the throc'-climonsional lino clement, which we will suppose to have splierieal 
symmetry : 

As wo are considering only small deviations from the galilcan values we put: 

a and 7 being small quantities of the first oi-dor. The equations of motion (II) then 
become to the first order: 

( 3 ) 

cW 2 dxi 


Comparing with the ordinary Newtonian equations of motion: 

dt^ dXi 

WG see that in first approximation 7 is equivalent to the potential: 

27 


(4) 


7 « 7 ,«. 


c? 


In the classical theory the potential V is dctei*mincd by Poisson’s equation: 
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The equations replacing this in the new theory aro the liold eejuations (I) which, 
when developed to the first order, are found to bo: 


(5) 


( 1 ) 

( 2 ) 


E 

E 


fa 
M dX^ 
giy 

M dx^ 


— —Kp — \ 

— Kp — 2\, 


I have written down the formulae including X. The nmnorical vahui of X in (uitiroly 
unknown, but it is certainly a small quantity of at least tlu^ s{5(iond onh'r of magni- 
tude and can in the present approximation bo neglected. 

According to equation (3) the value of a is not required in the present approxi- 
mation. Comparing (5, 2) with Poisson’s equation wo finil that 


1-860 . 10-”gr->cm, 
c« 

X being neglected. 

To the first approximation we can thus take for y the ordinary Newtonian 
potential (4). 

The first equation (6) gives, neglecting X: 


The line element thus becomes: 


a=s — 7, 


( 6 ) 




6. Thk “Cbucial Phenomena.” Ued Siiifl’ 


Consider a fixed point in three-dimensional space so that clff » 0 and eonHoqiumtly 

of thus depends ontlio gravitational potential and 

is different at different places in the gravitational field; thoroforo tlio frocpioinsy of a 
periodic phenomenon, winch is constant when expressed in tlie natural inensure, or 
"proper time” ds, is variable when oxprc^cd in coordiimto time t. 

Consequently the spectral lines originating in a strong gravitational field will, to 
an observer placed in a weaker field, appear to bo dispiacod toward tlio rod, and 
inversely. The ratio of the observed and omitted wave lengths will bo or, 

with sufficient approximation, 1—^7. For a point in the gravitational field of the 
sun the potential isV^-oU/r, M being the sun's mass; therefore, for the 
radius of the sun, by (4) : 


1 1 1 , hM 

1 — 7 = 1 -| 

2 SffiS 


a‘00000212. 


The displacement toward the red of lines in the solar s]Dootnim will thus bo the same 

principle, correspond to a radial velocity of 
.00000212c or 0 634 km/sec. It has taken the solar physicists a long time to clis- 
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entangle this small displacement (coi'responding to 0'()13 A for XCOOO) from tho 
many other anomalies observed in the solar spectrum, but there seeinH to ho no 
doubt at present regarding its reality in the sun. 

For a star with mass M and radius R expressed in tliosc of tiie sun as units, the 
displacement will be: 

0'634 — km/scc. 

11 

For the different spectral types wo can expect tlio values given in tho following 
short table. For the giants tho absolute magnitude has been taken equal to —1. 
throughout. 


spectra 

Mivin series 

Giants 

B 

0-0 

1*2 

A 

07 

0*0 

F 

O'O 

0‘4 

G 

O'O 

0'2 

K 

0-4 

O'l 

M 

0-2 

O' 05 


It is well known that the B-stars have a systomatio displaeemonli toward tlio rod, 
the so-called /f-term, and a part of this may bo duo to this enuso. For a white dwarf, 
of oourse, tho effect becomoa very largo, and wo all romombor tlio HOiiHatiomil 
announcement of tho successful moaeiiring of the displacomcmt corroRpoiuUng to 20 
km/seo by Adams in the spootrum of tho companion of Sirius. 

In this computation only tho gravitational field of tho star itself is taken into 
account, and the general field of the galaotio system is nogloetod. It is eortaiii that 
tile effect of this is entirely nogligiblo. 


7. Binding oy Hays of Light 


For a ray of light ds-0. Tho ray of light is tho projootiou on the threo-tlimonnional 
space of a geodesic in the four-dimensional continuum and can bo dotormined from 
the ordinary condition for a gcodoaio, i.o, tho equation (XI). This omitmiis the 
coefficients It is evident, thereforo, that the ray ivill, in general, bo curved and 
itB curvature will depend on the gravitational field. Thus a my of liglit passing near 
the sun will be bent round it. Computation shows that tho displaeoineut is invorHoly 
proportional to the minimum distance of tho ray of light from tho eontor of tivo sun, 
and equal to 4aif/cV, aboingthia minimum distance. This would give :l'"7C at tho 
sun's limb. As is well known, this displacement was observed by tho Fnglisli eclipse 
expeditions of 19.19 (29th of May) to Brazil and Principo and again on tlie ocoasion 
of the eclipse of 21 September 1922 at Wallal, by tho expedition of tlio Lick Observa- 
tory.^ 
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8 . Motion of Peiiihelia 


So far it has not been neccssai’y to go beyond the first appimiination. Ah Kigards 
the planetary motions we have seen that, to the first approximation, the (MiuatioiiH 
of motion arc the same as those of the classical theory. In the seeond approximation 
we require second order tenns in 7. It is found that wo can retain the (ixprc'HHion ((>) 
for the line clement, if we take 7 = 71+^71^ retaining the value ( 4 ) of 71. Also the 
equations of the geodesic must bo dcvoloired to the second order. I will not go intt) 
the details of this development but will only state the results. 

For the equation of the orbit wo find, instead of tlie ordinary eejuation (4 the 
ellipse 

^7^ coa {O—w) 

r p ’ 

the similar equation 

(7') cos (f/O-tf) 

r p ’ 

the value of g being 5 = 1— §2^^ . 


The difference between (70 and ( 7 ) is thus a motion of tlio perihelion amounting 

dg_ 3ailf ^ do 
dl c^p (U 


This secular motion of the perihelia is the only observable offecjt in the plaiujtary 
theory. For the case of Mcreuiy, it is nearly equal to the well-known diserepaney 
between theory and observation, fimt discovered by Loverrior, whicli htw bafllod ail 
attempts at explanation for over half a century. It is well known that th(! obs(ii’VCid 
secular variations of the clcmonts of the four inner planets could not bo riqii'eseuted 
by theoretical values depending on a system of masRos consistent witli the observoil 
periodic perturbations. The principal discordance is now removed by ICinstein’s 
correction of the motion of the perihelion of Moreury, Tlio remaining diseropanehiH 
are not very disquieting. They are: 


eda UQ, do 

dl nr Ji 

Mercury -0‘*'78±0"43* +0’ "VOiO' M7 -O'^OOiO’^SO 

Venus -0’''18±0‘*26 +0*''70±0*''16 +0'''n:b0'"33 

lEarth -0'"08±0’'13 O' "OO^bO’ "09 

Mars +0'"48±0’*86 +0'"14i0'’'12 d-0''Z0:b0'"27 


a 

ill 

-1-0' "30zbO'"H() 
-1-0' "44^4)' '34 
-0‘''03da0'n0 
- 0 '‘' 00 : k 0'"20 


* [Adoptine Dr. Jackson’s now detormination of tho motion of f.ho poriliolion of Morourv from 
Hornsby^s observations (M. N. 03: 126, Deo. 1032) ^YO find for tlio residual OMl]. ^ 


The theoretical motions have boon taken from Newcomb, but they have been 
reduced to improved values of the masses. Tho probable errors contain tliose of tlie 
theoretical values, corresponding to tho uncertainty of tho mosses. I'’or the earth 
di/dl is the secular variation of the inclination of tho ecliptic, for which tho adojited 
observed value is a weighted mean of that derived by Spencer Jones in ins Hmmm 
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of Newcomb’s Occuliation Memoir and by Nowcomb from the sun, Mercury, Venus, 
and Mars. The other observed values are Newcomb’s, but reduced to the value 
50 ‘"2486 (1850) of the procession. The node of Venus presents the only serious 
discrepancy, whioli may or may not be i-eal. The otliem are not larger than would 
be expected from the accidental errors. Out of 16 i-esiduals, 8 are smaller than their 
probable error, and only one (the node of Venus) exceeds twice the probable error. 


9. Motion of the Moon 

The motion of the moon must be roferred to a system of coordinates attached to 
and moving with the earth through tlio gravitational field of the sun, moon, and 
planets. Through the influence of this gravitational field a precession is imparted 
to these coordinate axes, tho so-callcd geodesic precession,^ amounting to l’"917 
per century. This appears in tho motion of tho moon as observed from the earth as 
a positive motion of tlic perigee and node. Witli rcforoiicc to these moving axes, tlic 
motion of the moon is governed by tho same equations ns the motion of the planets 
around the sun, the only addition to Newtonian theory being thus a motion of the 
perigee, amounting to O' "060 per century. Tho uncertainty of tho observed motions 
of tho lunar perigee and node is of tho order of 1" per century, and that of the 
theoretical motions as computed by Brown from tho ordinary Newtonian theory is 
of tho order of 3" or 4" ixsr century. The dilTeroncos between tho observed and thoo- 
rotical values (tho latter including tlic new term) aro and — 

(probable orrors) respectively. Tho added torins am thus too small to bo verified 
by observation. 

10. rilKCESSION 

Wo can thus say that all effects of tho relativity tlicory of gravitation have either 
been verified by observation or are too small for such verification to bo possible. 
It is not probable that any cffocts have been overlooked — except possibly as regards 
tho procession. It has so far boon assumed that tho motion of tho earth around its 
contcr of gravity, as referred to tlio inertial frame attached to tho earth (and thus 
affected by tho geodesic procession with rofcronco to a system attached to tho sun), 
is adequately described by tlio usual formulae. It scorns certain that this is true 
for tho gravitational /tefrf. In the theory of relativity, however, a rigid body cannot 
exist, and a special definition is required to dofiiio what is meant by tho axis of 
rotation and its motion in space. It might bo that tho equations for tho motion of 
the axis of rotation thus dofiuod in accordanco with tho now theory might differ 
from those for a rigid body according to tho Nowtoninn theory, This has, so far as I 
know, not yet boon investigated, Tho point is worth a careful scrutiny especially 
since, ns was recently pointed out by Dr. Jackson,® the observed constants of 
precession and nutation cannot bo roconcilod with tho adopted mass of tho moon 
by tho existing theoretical formulao. It docs not seem probable, liowovor, that 
appreciable differences in tho motion of tho axis of ixitotion (or wliat corresponds to 
it in the complete relativistic mechanics) will bo found. 

'• See A. D. I’okkflr, Proceedings U. Aoad. Soi. Ainstordam, 23: 720 (1921). 

* Monthly Notices 00; 742 (Juno 1030). 
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III 

11. Inertial I^eld op the Universe 

In the general theory of relativity the diffcrcnco between gravitation and iiun'tia 
has disappeared, and only the general field described by tiie (lap remains, wlutdi (tom- 
prises both gravitation and inertia. It is, however, convenient to continue to mal(('. 
a difference and to call that part of the field which is produced by thci prestnuKi of 
material bodies, i.o., by the deviations from homogeneity of the distribution (»f 
matter, gravitation, and the rest inertia. The question then arises: What is tliii 
inertial field of the universe? Or, in other woitls, what ^vould bo the field of the (/„/! 
if all matter were either absent or distributed homogeneously and isotropically over 
space? Wo know that in our immediate neighborhood, say within the galactic! sys- 
tem, the gap corresponding to tliis ideal condition aro with great approximation the 
galilean values: 

-10 0 0 
0-100 
0 0-10 
0 0 0 H-i 

But can we go beyond that and get any knowledge of the field of g^p for the "uni- 
verse"? 

Wo know by actual observation only a comparatively small part of th(! whole 
universe. I will call this "our neighborhood.” Even witliin the confine.s of this 
province our knowledge decreases very rapidly as wo get away from our ou'ii par- 
ticular position in space and time. It is only within the solar sy.stoin that our 
empirical knowledge extends to the second order of small quantities (and that only 
for ga and not for the other 5 ,^), the first order corresponding to about 10 '". How 
the gap outside our neighborhood are, wo do not know, and how tlioy are at infinity 
of space or time we shall never know. Infinity is not a physical but a matlioiuati(!aI 
concept, introduced to make our equations more symmetrical and ologant. From 
the physical point of view everything that is outside our neighborhood is pure 
extrapolation, and wo are entirely free to make this extrapolation as wo jiloase to 
suit our philosopliical or aesthetical predilections— or prejudices. It is true tluit 
some of these prejudices are so deeply i-ootcd that wo can hardly avoid believing 
them to bo above any possible suspicion of doubt, but this belief is not founded on 
any physical basis. One of these convictions, on which extrapolation is miturally 
based, is that the particular part of the universo where wo happen to be, is in no 
way exceptional or privilepd; in othci' woi-ds, that tho universe, when considored 
on a large enough scale, is isotropic and homogeneous. 

12. Observed Density and Expansion op the Universe 

During the last few years the limits of our "neighborhood” have been onormously 
extended by the observations of extragalactic nebulae, made chiefly with tho 
100-moh telescope at Mount Wilson. Those wonderful observations have emiblocl 
us to make more or less mliable estimates of tho distances of these objects, and 
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Jience of their distribution over space. By assuming a plausible value for their 
average mass, we can make a rough guess at the density of matter in, space. It is, 
at the present moment, hai’dly more than a guess, but the enormous increase in our 
knowledge during the last four or five yoai-s entitles us to the hope that in the near 
future we may bo able to arrive at a real dotormination. 

One of the most remarkable obsei’vational results of the last years is the systematic 
positive radial velocity of the extragalactic nebulae. This is found to be, within the 
errors of the determination, proportional to the distance: 



This means that the whole univei-so is expanding, while remaining similar to itself 
(apart from the peculiar motions of the individual nebulae, which are small, and 
can be neglected, compared with the systematic motion of recession). Wo can tlius 
represent the line clement of tiu'ec-dimcnsional space by Rda, R being a factor 
increasing with the time, and d<r I'cmainuig tho same. The four-dimensional lino 
element consequently can bo taken to be 

( 8 ) 

7 i .8 d^p d^g. 

If tho radius vector in tho tliree-dimensional space of which da is the lino element 
be denoted by x, tlmn tho radius vector in natural mcasui’e is 

r-Rx 

and, the value of x being subject only to small random motions different for each 
individual object, wo have systematically 

1 

r dt R dl 

The coofTicient of expansion h is voiy liu'go. Il» actual value is still subject to 
considerable uncertainty, owing to tho uncertainty of tho scale of distances, but wo 
can ns a good estimate take about 460 km/sec por million parsecs. 

It follows that, if tho expansion goes on at tho same rate, tho universe doubles 
its size in about fifteon hundred million ycoi'S. 

Tho possibility has been suggested that the observed shift of the spectral linos 
toward tlic rod might not indiciate a rcceding motion of tho spiral nebulae, but might 
bo accounted for in some other way. In fact, all that tho observations toll us is that 
light coming from great distances — and which therefore has boon a long time on the 
way — is redder when it arrives than when it left its source. lAght is reddened 
by age: traveling through space, it loses its energy ns it gets older. Or, expressed 
mathematically: the wave length of light is proportional to a certain quantity R, 
which increases with tlio passing of time. By tho general equations of the theory of 
relativity, the naturally measured distances in a homogenooiis and isotropic world 

« Throughout this paper tho oouvoutlon is miulo that Roman indices take tho vnluaa 1, 2, 3 
only, while Greek iiKlieoH run from 1 to 4. 
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are then necessarily proportional to the same quantity H, uuiosH hoiuo (iXtniiK^oiiH 
cause for the increase in wave length, or the loss of energy, wore presont. By ('xtriiiui- 
ous, I mean foreign to the theory of relativity and the (;()n(!oi)tion of the nature of 
light consistent with that theory. Moreover, this hypothetical cause should have* no 
other obsci-vablc consequences; in particular, it should prodiuio loss of (nun'gy with- 
out any concomitant dispersion, which would blur the iinagos and make th(5 faint 
nebulae unobservable. It would require an hypothesis ad hoc, and a very (larofully 
framed one, too, so ns not to overshoot the mark. No siKili liypotluisis (h^wu'ving 
serious consideration has yet been forthcoming. 


13 . General Form op the Ijinic ICm';MENT 

Wo will thus have to investigate the possibility of construoting a imivcuw^ with 
the line element (8), in which R is a function increasing with the time t. 

For the material energy tensor we can, on account of the lioinog(ui(!ity and 
isotropy, take : 


(9) 9 i » iV ~ R ^ y»gPi 0, ipo ~\~^ p)i 


po being the material, or “invariant” density and p the “relative” density. Tlu; 
pressure p consists of the material pressure Pm, representing the random motions of 
the particles of matter, i.o. of the galactic systems, and the pressure of radiation p,. 

If we form the field equations (I) corresponding to the lino elenumt (8) and tlu? 
energy tensor (9) it is found that tho equation for Oh boeoinos; 


Oi4 = 


-L.^.£/==o 

Rf* dl * dx ' 


X being tho radius vector in the thrce-dhnonsional space with tho lino ohunont ii<r. 
Therefore either dR/di or df/dx must bo zero. In tho second (iuso /is a i)ur(5 futu!- 
tion of the time, and can be talcen equal to unity without loss of generality. (kniHcs- 
quently there are only two possible kinds of solutions, viz.: slatic soluUons'i in which 
Rib Q, constant and / is a function of tho space coordinates, i.o., on account of tlus 
spherical symmetry, of tho radius vector, independent of tho timo, ami hoii-sUiUg 
solutions in which/ is a constant while ft is a function of tho timo. 


14 . Static Solutions 

We know now, because of tho obaoiwed expansion, that tho actual univorso nuist 
correspond to one of tho non-static solutions. Historically, howovor, tho static 
solutions were discovered first. In 1917 Einstein introduced into tho field cquatioiiH 
the term with X and two solutions wore found, whicli I have boon in tho habit of 
calling the solutions A and B, They are generally referred to in current litoratnre as 
“Einstein's universe” and “de Sitter’s univoree” respectively. Tho lino olemeutH in 
the two cases are: 

(lOA) ds'^= ~ft“fe"+sin=x(#®+sin® ^ dO^) ]-f 

(lOB) ds^= “ft^[dx®d-sin“x(di/'*4- ]+cos® x dl^. 
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Thus in both cases the curvature of threD-dimcnsional space is positive, and equal 
to 1 JR^, and it depends on the value of X by the conditions 

(11 A) X4-K/3 = 3/-fi^, K(p+p)=2/ffi', 

(IIB) X“|-kp = 3//^^, K(pd'p)=0. 

Consequently in both cases X is positive. Tlie density has a finite value in the 
case A and is zero in the case B. 

Of course we also had the solution without X, i.e. the line element of the restricted 
theory of relativity : 

(ION) ds‘^= ~R^ sin* 

where R is an arbitrary constant, and 

(IIN) X+«p = 0, K(p-h?>)=0, 

The universe A is truly static: material particles in it can have no sysiemaiie 
motion, but only random motions, corrcsiwnding to the pressure p. In the universo 
B there are no material particles, bub if wo pub in one parbicb and one observer, 
the latter will see the particle moving away from him with a velocity 'which, if ran- 
dom motions are neglected, is given by’ 

i 

r cdl R 


The universo B is thus not really static. It can only bo made to appear so in conse- 
quence of its cmi)tiiicas. 

The universe A has density but no expansion: the uiiivorso B has expansion but 
no density. 

It is convonient to express botli the coofftcicnb of expansion and the density by 
quantities of the dimension of a length. Thus 


( 12 ) 

and wo may add 

(120 


1 

r cdl Ujt 




3 



The observed values are rather uncortain, but we can adopt the following upper 
and lower limits® (expre.^sod in cm) : 


10”</iJi,<4.10” 

3.10®‘'<Kj<m 


Tho value of Rq cannot bo detennined from astronomical observations. The two 
quantities Ra and Rj) are tluis in tho actual univome of the same order of magnitude, 


Seo Appendix. 

8 Proceedings II. Auivd. Sol, AmBtordam, 36: 002, 603 (1032). (The lowor limit of the density 
0 ia 10'8^ wliioh is Iwo-thirdB of tho lower limit given by Hubble; tho upper limit lO'^^isdorivcd 
by Menzol from tho nbsonco of appreciable absorption). 
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while lie is entirely unknown. The two universes A and B require, however, if we 
neglect the pressure p, 

(A) : Jijj— 

(B) : liii= Sff iJ^=co, 

In the ease N we have, of course, 

(N): I2^=i2fl=ii(7= «>. 

Consequently neither A nor B can be a good approximation to the actual universe. 
N (Newton’s absolute space and time) might be a good approximation so long as wo 
only wish to consider small distances and times, compared with which 10®^ and <» 
are practically equivalent. 


15. RELATiviTy OP Inertia 

In 1917 this difficulty Avas not realized. The value of the density was still entirely 
unknown, and the expansion had not yet been discovered. The reason why there was 
felt a need to displace (10 N) by (10 A) or (10 B) was to achieve what at that time 
used to be called the “relativity of inertia” — a somewhat vague phrase to which 
various meanings were attached. 

Wo set out to find a grand-scale model of the universe, which shall be homogeneous 
and isotropic. We know only a limited part of the universe, viz., “our neighborhood.” 
In that neighborhood the distribution of matter is neither homogeneous nor isotropic: 
it consists almost entirely of emptiness, the matter being conglomerated into stars 
and galactic systems at large mutual distances; but if considered on a largo enough 
scale it has a certain finite average density. In our large-scale model, which takes 
account of inertia only and leaves gravitation out of consideration, the condensa- 
tions are neglected. Wo can thus either take as our approximation a homogeneous 
universe in which the density is the average dmisity of the actual universe, into Avhich 
we must then later, as a second approximation, introduce the olloct of the condensa- 
tions of matter into galactic systems; or wo can take an empty universe and put in 
the galactic systems later. What we may call the “material postulate of relativity 
of inertia” is the assertion that inertia cannot exist without matter; therefore wo 
must choose the first-mentioned method of approximation, i.e. the solution A or 
any other solution having a finite value of Ra. But no other solution satisfying this 
condition was then known. 

The potentials ga^ defining the line element are given by differential equations. 
Consequently, they are only detennined apart from constants of integration, or 
boundary conditions at infinity. Of course wo know nothing about infinity as has 
already been pointed out. The real condition determining the constants of integra- 
tion is that they shall represent the observed phenomena in “our neighborhood.” 
They are only put into the fom of boundary conditions at infinity for reasons of 
mathematical convenience. It follows that the values of the at infinity will be 
different in different (but equivalent) systems of coordinates. This leads to what 
may be called the “mathematical postulate of relativity of inertia,” which requires 
the gap at infinity to be zero, so as to be the same in all systems of coordinates. 
Solution A satisfies this postulate for the gj,q of three-dimensional space, and solution 
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B for all gafi. The vanishing of Qj,, at infinity is equivalent to the finiteness of space, 
i.o. to a positive curvature. The boundary conditions at infinity are abolished by 
abolishing infinity. 

It can bo proved that the solutions A and B are the only possible static, homogene- 
ous, and isotropic solutions witli positive cuivature.^ Since the discovery of the ex- 
pansion of the universe wo know that wo must choose our grand-scale model among 
tlio non-static solutions, and the solutions A and B are only of historic interest. We 
will therefore now concentrate our attention on the non-statio case.'° 


16. Non-static Solutions 

The non-static solutions were discovered by Friedmann’^ in 1922, and indepen- 
dently in 1927 by Lomalbrc,*® who worked out tho astronomical consequences in 
considerable detail. The papera in which those authors communicated their dis- 
coveries, however, were discovered by the astronomical world at large only in the 
spring of 1930, and since then tho theory of these expanding universes has been the 
object of constant interest and much discussion. Friedmann discusses the solutions 
of tho field equations for different values of X. Lomnitre considers only a positive X. 
Both authors consider a positive curvatum of space only. Tho fact that both X and 
the curvature may as well be negative or zero was only pointed out by Dr. Heck- 
mnnn'® in July 1031. 

Wo take tho lino element 
( 8 ) ds 2 *=-ieW+d(c /)2 

with ypq (l^p d^q) 

i? is a function of I only, and tho Ym oxq independent of t. 

Wo have then 

( 3) (?p 3 — ( RR-h^R^) Yji 5i 
(T'„. = ftp = 0, = 

dots denoting differential quotients d/cdl, and ( 3 )(?pg being tho contracted Riemann 
tensor corresponding to tho three-dimensional line cloraent do-. 

For the material tensor wo take 

( 0 ) Tj,i = Tip=0, Tu^p= po-h^p, T^pq, 

The field equations 

(1) C?n/3 — X(7n(J+«(r«fl — “ gap T) =0 

A 

then become 

(14) (3>G'p3+2fc7p, = 0 

® de Sittor, Proceedings B. Acad. Sci. Amstordam, 20: 1311 (1018), also Tolman, Proceedings 
Nat. Acad. Soi. Washington, Ifl; 297 (1020) and Roborteon, ibid.i 822 (1020). 

Sec, howovoi', tho Appendix. 

” Zcilschr.filr Physik, 10; 377. 

Ann. Soc. Scionb. do Bruxelles, 47 A, : 40; also trnnalatod in M. N. 91: 483 (1931). 

QdUinger Nachrichten, 1031: 127. 
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with 

(15) 
and 

(16) 


2h - Kp+i KPo) - KH - 2R^ 

2 

3|-X+«(3)j+h.)=0. 

R M 


17 . TlIREE-DlMBNSIONAt Sl’ACB OF CONa’fANT ClIUVATUlll': 

The equation (14) means that the thrcc-<limcn.sioiiftl apti(i(! with tho lino olcmont 
d<j has the constant curvatura h. Tho value of k is given by (15). It is iiidopondont 
of the space coordinates, since R, p and po are independent of tho space coordinates, 
and independent of tho time on account of (14), iu which tho tiin(i docs not enter. 
It is no loss of generality if we I’cstrict tho poasiblo values of k to +1» 0, and — 1. 
The line element da, then, is that of a space of nnil (unvature, and it hfus one of the 
three standard forms 

/i;=-{-l : ^ 

0 : rf(r«-dx“4-xW'l-8i«® ^ dO^) 

— 1 : dff®=dx“+sinh^x(f¥M-8hi® d()“). 


The curvature of tho actual thrcc-dimonsional space (lino oloinonb lida) is then 

k 

In each of tho two cases the curved space can 1)0 projootod on an ouelicleau 
space; thus, if we put for brevity 

iV = #’*+8in® i' dC^ 

/(j =3 -f- 1 : RMcr^ « i3®(dx*"hsin^ xd<p^) 

4/ev 


( 17 ) 


r==>2Zi: tan -x 
•0 


d|f , 

r' 

+~) 1 +- 
IP/ I 


1 + 


.3 


v == R tan X ** 


7c = - 1 : ma'^ = S®(dxHshih“ x V) 

\ 4 lev 

dr8 


1 - 


r<=‘2Ii tanh ~ x 
2 


ill 

4 


1 +? 


-f-r®d^ 


I'-R siiihx- 


R? 


1 

'I 
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By the first transformation, the so-ealleci “stereographic projeotion/’ transform- 
ing X to r the curved space is in both cases projected on the inside of the sphere 
r=2i2in euclidean space, In the second case, the transformation to r, tlio projection 
fills the whole of euclidean space. 

In the case /c = -(-l wemust of the two possible cases cJioosotlio “elliptical” space, 
in which x can take onl}^ the values from zero to ^ir, and not the “sphorictal” sjjace in 
which the maximum value of x is v. The elliptical space is the one of whicli our ordi- 
nary euclidean geometry is the limiting case for od . Tu our common geometry 
a plane has a line (and not a point) at infinity; two straight lines have one point of 
intersection (and not two); if wo go to infinity along ono branch of a liyporbola, 
we return along the other, on the other (and not on the same) side of tho asymptote. 
All these ai’e properties of the elliptical, as contrasted witli the spherical space. Tho 
spherical space is, in fact, an entirely unnecessary, and therefore physically mean- 
ingless, reduplication of the elliptical space.^'* Moreover, the spherical space gives 
rise to discontinuities without physical mcajiing at the antipodal points of material 
particles. 


18. Fundamental Equations of tub Expanding Univkusn 


From tho equations (15) and (16) wc find cft.sily tho fundamontal equations of tlio 
expanding universe: 


(IS) 

(19) 


“-(X-l-icp) . 


Since R/R^^h, tho equations (18) and (19) can be brought to tho form 


(20) X-F^P-3(«~|-ft“) 

«(pd-?)) = 2(e— A) , 

which can bo compared with (llA) and (IIN) for the static univorscs (lOA) and 
(10N).‘“ 

Since h is entirely unknown those equations aro insiiincient to dctcrmino X and c 
from the observational data, even suirposing that not only h but also p and ?> wore 
accurately known, Even the signs of X and of t remain iiulefcorminafco. 

The equation of energy divy^p^O gives 

C21) (/,+?)) =0. 

a 

The equation (21) can also bo derived from (18) and (10), The throe equations 
(18), (19), and (21) therefore give only two conditions for tlio three unknowns, 

“ See also Eddington, The Malhemalical Theory of Rolalivily, pj). 167-169. ’ . 

” The quasi-statio uiiivei'se (lOB) Ima j7«=*oos*Xi and is tluiB not dii'octly (lomnamblo with tho 
non>statio nniyerses like (lOA) and (ION) which bnvoffu“li Binoo A ia not invarinnk. If (lOD) 
IS transfovmod to a line element with the cqualiona (20) nio found to bo satiadod. See 

Appendix. 
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R, p, and j). They must be supplemented by an “equation of state” giving a relation 
between p and p, or between po andp. Tlic prcssiiro p is the sum of tin; innt(H‘ial 
pressure p,„.and the pressure of radiation p,. The invariant mass of radiation is /.ero. 
Therefore: 

(22) pm^ po'^'^Pm) p*=3p«, p“ P0"l“3?^»»"l“3p** 

The material pressure I'eprcscnts the random motions of material partieles, i.(\ 
in our case of the galactic systems. It is easily found^® that 



whore <p<? is a measure of the average random velocities. The galactic syateiuH are 
continually sending out energy of radiation, by which their mass is (liminislied. We 
can measure this rate of trai^sformation of matter into energy against the rate of 
expansion of the universe, putting 

k 

M 

where M-R^po, In the case A:=+l,irW is thus the total mosa of the univorH(n In 
the cases k-0 and M is just another variable replacing po and ia introdiuuid 

in order to separate the change of density duo to the transformation of matter from 
that due to the expansion. The total change of po is, of course, given by 

po R 

From the known magnitudes and masses of tlio spiral nebulae wo can estimate the 
rate of conversion which comes out about the same as that of a dwarf Htiu* of 
aomowhat later typo than the sun. Wo find in this way that 7 is of the order of 
magnitude of 10"®. The change of p from this caaso is thus negligible compared witli 
the change of density by the expansion given by ( 21 ), and wo can with suineimit 
approximation neglect the interaction between matter and radiation. Our “(jquatiou 
of state” then consists of two equations, viz.; the second of ( 22 ) for radiation and 
(23) for matter, while the equation of energy (21) is also split up into two otiuatiouH ; 

pp , 'SR^-{-2ip(? 

Po ‘ R 


.p..^^.EdE±£l , 

/e« 




from which we find at onco 

( 26 ) Kpo= 


P, R 
3Bi 


(26) 


/3i 


Ri and being constants of integration. 


Hookmcinn, GOHingor Nachrichlcn 1031 1 130. 800 
also dc Sitter, li,A,N, V, 193: 217 (1030), and art. 33 of the present paper. 
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Introducing this into equation (19) we have the equation for the expanding 
universe: 

= . 


(27) 




R? 


0 , - 1 ) 


Both h and I can have the values -f-l, 0, or —1, and they determine the sign of the 
curvature and of X respectively. Ri and /3i arc necessarily positive. 


19. Discussion of the PnESSuiiK op RAorATioN 

The energy of radiation consists of the ordinary radiation of the stars and the 
cosmic rays: 

Aa to the first, Eddington^^ estimates the energy-density as 

3p^,==7'07 . orgs/cm^— 8‘5 . 10'*‘‘gr, cm"®. 

Tliis is inside the galactic system, in the neighborhood of the sun, where the 
material density is of the order of 10~’'^. Wo can thus take appi’oximatoly 

(28) — =>10~'“, 

Po 

and the same ratio may bo taken to hold over the whole universe. As to the cosmlo 
radiation, Millikan and Camcroid® give for tho total energy received by a square 
centimeter outside the earth's atmosphorc 3*07 . lO"'* ergs. TJiis gives for the density 

(20) 3?Je=« — ^ ■ ergs/cm®=3’0 . 10"®“ gr cm-“. 

ire 

This density is probably the same all over space. With a view to tho great uncer- 
tainty of the average material density of the universe, of which tho adopted limiting 
values are 10"®“ and 10"“S the ratio 3 Pc/po remains very uncertain, but it is cer- 
tainly small, and wo can safely assume that tho ratio 3 pe / po is of the order of magni- 
tude of 10"“, or 10'“ at tho utmost. Wo can thus with sufliciont approximation 
neglect the radiation pressure altogether and take 0 in (27).“' 

* [A. H. Compton (Phys. liev. 41:081, 1032) mid J. Clay (Proceedings 11. Aoad. Sci. Amsb. 36: 
1282, Poo. 1932) linvo loocntly published observations from which it sooms to follow that tho 
coamio rndiation is corpuscular, instead of oloofroim^notio. It is easily vorificcl that this makes 
no difToi'oiico in file formulao. tho “invariant” density corrosponcUng to tho observed pc boing 
prftotionlly zero on account of tho enormous volooity, so that wo have still pf“3po as for oloofcro- 
inagnotio radiation.] 


20. Tiunsfokmation of Maitek into Radiation 

In deriving tho equation (27) wo neglected the interaction between matter and 
radiation. This is certainly sufficiently exact for all practical purposes. I will, how- 
ever, in connection with tho transformation of matter into energy by the radiation 

The Internal Conslilntion of the Slnrs^ p. 371. 

Phj/s. Jlevietv 31: 930 (1928). [Rogonor rocontly found ^’2.10“* orgs, boo Nature, 1033, Jan. 28]. 
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of the stars, draw attention to a remarkable result which can be derived from the 
energy equation (21). If we put 

the equation (21) becomes 

(30) = 

If we take as before — = — Y— , M = Mo 
M R 

we find at once from (30) 

R-=BaR-'' 

with ^o = 7Mo/(1 — 7 ). This shows that, notwithstanding the conversion of matter 
into energy, the total amount of energy in tho universe is decreasing. In fact, the 
loss of energy corresponding to tho rod shift that results from the recoding motion, 
exceeds the gain by tho converaion of matter into energy. Tho old question what 
becomes of the energy that is continually being poured out into space by tho radia- 
tion of the stars, thus finds an unexpected solution. It is used up, and more than 
used up, by the work done in the taepansion of the universe. Ncvortholcss, it would 
be wrong to say that the (Kpansion is caused by tho pressure of radiation. Tho 
universe would expand just the same if there wore no radiation at all. It expands 
simply because it cannot romain of the same size throughout, a static universe being 
unstable. 

AVg have here neglected the material pressure p,,,, but the result remains tlio same 
if it is duly taken into account.^" 


21. Rays of Light 


Tho path of a ray of light is the geodesic given by ds-O, or 

cdl 


da=- 


R 


Therefore if two successive light pulses leave a source at a time interval 61, tlioy 
will be observed at a time interval 5hi and we have, the distance <t between the source 
and the observer remaining tho same, 


Consequently 


Ri R 

8ti 

6t vi "K B 


Tho observed and the emitted wave lengths are in the same ratio as tho values of 
B at the times of observation and omission. Since R increases with tho time, tho 
wove length also increases, and the energy decreases, as the light travels through 
space. This is observed as the rod shift of the lines in the spectra of tho cxtragalactie 
nebulae. 


Sco do Sitter, B.A.N. V, 193: 216, 217 nnd 200: 274, 276 (1030). 
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22. Balance oe Gravitation and Expansive Force 

The equations that we Imve discussed show that in tho grand-sealo model of the 
uihverse, in wliioh the effect of the local deviations from homogeneity is disregarded, 
i.e. tho inertial field alone is considered, neglecting gravitation, there is an inherent 
tendency for the universe to change its scale, which at the prcscint moment results in 
an expansion, but may perhaps at other times have boon or may become a contrac- 
tion, If we come to put in the details, tho stars and the galactic; systems, or, mathe- 
matically expressed, the singularities of the field, wo find that there is also a ten- 
dency, called gravitation, to diminish tho mutual distances between those singulari- 
ties. We know that for small distances, within the solar system, tho second tondency 
is by far the strongest, and the effect of the expansion is entirely negligible. On tho 
other hand, for very largo distances, such as those from one galactic system to tlio 
next, the expansive force is stronger than the gravitational attraction. There must 
be a limiting value of the mutual distances, i.e. of tho density, for Avliich the two 
forces balance. 

Consider tho motion of a test-body in the gravitational field inside a homogeneous 
spliore of material density p. The acceleration by tlio ordinary gravitation of this 
field is given by 

?• \cW/i c* &r 

Tho acceleration by the expansive force, on the other hand, is, with sufficient 
approximation 

1/ dh'\ dm \ 

r\cW/2 ReW H 3 6 ^^“ 


by (18) and (19), po being tho general average density of the univorso (the pressure 
being neglected). Therefore the total acceleration is 






So long as B— A is positive tho path of the body will be a dosed curve, in fact an 
ellipse, it will not leave the system to which it belongs, and tho system will not ex- 
pand. Wc find easily 

— X. 

W pc JRa^ 

The condition that gravitation shall bo stronger than the expansive force thus is 
(31) 

4ir po 

Now Ra is very imiiorfectly known, and X not at all. If X wore negative or aiero, 
there would be no lower limit to the density; systems of even the smallest density 
would have suflieient gravitational force to keep their members together, provided, 
of course, that the velocities did not exceed the velocity of escape. If X is positive 
there is a definite lower limit for the density. Taking 22^1“ 10^® (cor- 
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responding to po==10~2’)» which arc not implausible values, the condition bec^onu's 
roughly 

-^>400, 

Po 

In our galactic system, and presumably in all other galaxies as well, this (condition 
is, of course, amply fulfilled, the ratio p/po near the sun being, with the a<lo])t('d 
value of po, about 10“. For the Coma cluster of nebulae, Hubble finds p/p,}-2r)(l, 
which is below the limit. The mutual gravitation of the nebulae l)elongiiig to this 
cluster thus apparently is- not sufficient to keep the cluster together. The obscuvcMl 
range of velocities in the Coma cluster is about 1100 kin/see, of whidi certainly 7(10 
or 800 km/scc must be real. The velocities of the separate members of the cluHter 
relative to the center of gravity consequently arc so large that they certainly 
the velocity of escape, even if the gravitational field of the cluster wer (5 stronf? 
enough to keep its slow-moving members in control. It would apiioar that the 
existing clusters of nebulae are not leal clusters, bound together by the gravitational 
attraction of their memboi’s, but just accidental and temporary irregularities in tlu^ 
homogeneous distribution of the galaxies over space. 

Both Ra and po in (31) cimnge with the time. We can write (31) in tlu; form 
(32) 

4ir 

whore the only variable quantity is R, Thus for very small values of H evtm the 
smallest density is sufficient to keep a system together against the ex])aiiHiv (5 t(m- 
dency of the universe, but as R increases the limit of the density needed to witlistaiul 
the disintegration by expansion increases, and for very largo values of U it ai)proa(!}H'.s 
the limit 

P>^X=4*6 . 

OK 

With all plausible values of X this limit is so low that the continued existence of 
our own and all the other galaxies as individual finite systems of practically constant 
size in the expanding universe appearc quite certaim 


lY 

23. Transfoiimation of the Fundamental Equation. DiFi’i'niuN'r 

Types op Solution 

Wo will now consider more in detail the different solutions of the fundamental 
equation (27). If wo put 

the equation becomes 

(33) ( ^ 

\dr 


:) ^ 


(/^«H-1, 0, -1) 
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with 

(33*) 


iiV 


4 Va 
Mo*— — 


wiiile 7 can take all values, positive, negative or j5oro. 

Except for very small values of y, we can in (33) safely neglect |S and It then 
becomes 



Tivliere 


(35) 




The quantity P varies during the expansion. Since 

= -L.=k = 2 ^ 

Rii li Riv dr R/ W’ 


its value at any time is 
(36) 


2 Rq^ kpo 


Taking the limits given by (13) wo find that at the pi’oscnt moment it must bo 
oncloscd within the rather wide limits: 


(37) 


0’01<P< 15,000. 


If we took no account of the uncertainty of h, wc woiikl have 


(3Q*) 


P 


4’03 . 10-*« 
'■ - » 

Po 


and with the limits sometimes adopted for po, vix.: 10“*® > po>10“®“ wo would have 
(37*) 4<P<400. 

I think, however, that (37) represents the present state of our knowledge bettor 
than (37*). 

Since y is necessarily positive, real solutions of (34) arc possible only for positive 
values of P. In the /iguro 1, in which the coordinates are y and y, the curves 7^=0 
have boon represontod by full Iinc.s. The curves approaoli asymptotically to the nega- 
tive axis of 7 for y = 0, and to the positive axis of yiory-o^. For /c == 0 and /c = — 1 
the curves do not intersect the axis of y. The curve for lb— -|-1 intersects the axis of y 
at ?/==! and has a maximum for v-1’5, 7 =71 =+4/27. 7^ is positive above the 
curves and negative below tliem; the real solutions thus correspond to the part of 
the somi-plano above those curves. It is scon by insjwctioii of tho diagram that 
there aro three j^o.ssible types of solution, winch may be called tho oscillating uni- 
vci'ses, and tlio expanding univoisos of the first and of the second kind. 

In tho oscillating solutions the value of y oscillates between zero and a maximum 
value yi. In the expanding solutions of the firat kind it increases from zero to infinity, 
anci in those of tho second kind it increases from a certain minimum value yz to 



168 


TJniversity of GdUfotnitt Palylicaiions iii Moihooio'tics 


[Vor,.2 



Figure 1 

The full lines are the curves P=0, the dotted lines nro P»=> 1 . The broken Hno is tho ein vu 
on which tho points of iiilicxion lie. 


infinity. It is clear from tho diagram that the occuiTenco of tho dilTorent HohitioiiH 
depends on the values of Je and r as indicated in the following table, where also the 
values of P have been given. 

(38) OCC0ERBNCE OF TYPES OF SOLUTIONS 




ft=0 


7>7i 

Exp. I, 




7i^7>0 

1 Ebep, II, p>0 

1 Oac., P<1 


Exp. I, p>l 

Exp. 1, P>1 

7=0 

Osc., P<1 

33xp. I, p = l 

1 Exp. 1, P>1 

7<0 

Oec., P<1 

Osc., P<1 

Obo., P<l-h^I/„ 
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In the expanding universes of the second kind P increases continually ^vith y from 
i^-0 for y-yi to for y= «. In the expanding iinivoracs of the first kind, 

with the exception of those for + 'y>yi, P increases from P«1 for 2/ = 0 
to P = CO for 03. In the case /c— -|-1, 7>Yi» ^ begins by docrensing to a mini- 
mum P,nin=l~2ym/d for and from there increasos to P~oo ns 

ill the other cases. In the oscillating universes, with the exception of those for 



Ifiguro 3 

Tho difforont types of non-stfttio univorsos. 


- 1, P decreasesfromP — 1 for y =0 toP=Ofor In the case fc-a — 1, 'v<0, 

begins by increasing to a maximum P««,«l+2y„/3,for = (~-3 y)“^ In the 

se fc = 0, T = 0, P has the constant value P *= I,- 

Tho curves P = 1 have also been ontored in the diagram in dotted linos. Tho axis 
yCy — O) belongs to this curve for all values of k, 

Phe general type of the variation of y with t in tho difToronfc coses is roprosentod 

jlie figure 2, For y==0 we have P = 1 and thoroforo ™ =* <» ; all solutions leave 

dr 
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the axis of y porpondimilavly: the exi)anHioii in tlu^ easo of LIk^ oHcillaliiiK nnivciyes 
and the expanding univorBea of the firat kind begins with an (‘Xplosion. 'I'hc ai'lna! 
value y=0 is, of eourso, impossible in nature, and if y iaMiomcs viu-y small, i.i*. Ha? 
density oxti'omoly large, the equations ooaso to 1«5 applieabh^ Pr(‘S\iinal»l.v in (ho 
actual universe, if it is one of tliese two typ(!H, tiauH! will hi! a iniriimmii ^'allI(‘ of y 
as shown by the dotted lines in figure 2. In the exjianding imivorsi'K of l lie ncnitnl 
kind there is a minimum value j/o. These solutions exist only foi' th<! limilml rniiKe td 
values of 7 between zero and 71 « "[-4/27. 

The expanding Holutiona of the first kind have a point of inllection (oxi-cpi in Ihf 
case 7=0), for a value of y—yt given by 


(39) 

from which 


<^y 1 I /» 

— -7?/”0| 


This curve is also given in the diagram of llgui'e 1, ms a broki!n lini*. It is, in farl., 
the curve P=3/2 for /c=0. 


24. Inthuhatilb Oahich 


The cases 7=7ij and 7=0, 0, or-l are the only ones in wliiidi 

the equation (34) can be integrated by olemontary fumitioiiH. For I 1, 7“ 7ii 
tlie solutions are 

(7i« 4/27, t/i=rro 


(G) 

(40) 

(,F) 

and, of course, also 


LcohI, 

Vi V3 y-‘Ui 

(r~To)V7,==-“CosIr>I^i^ -|-~:ftiHh 

Vi V3 jh-y 


(40*) (A) j/ = eonatant=yi. 

The solution (C) is “LemaUro’s universe” in which T-TobiieoiiicH - ro (logarilb- 
mic infinity) for while for y iHummcs infinite of tlie order of 

(F) is the limiting member of the family of oscillating univt'rHcs for k ^ 4- 1 in which 
y approaches asymptotically to the limiting value for co. (A) is our old 
friend "Einstein’s universe.” This latter, however, is unstable, Hinei! if we give y a 
small increment 8y, the corresponding inci'emoiit of the acceleration is 


A 

dr^ \j/i 








The acceleration thus has the same sign m Sy, and the smaU incniini'nt goes on 
increasing. 

It should bo noted that (A) is the only possible cose where dy/dr and d^y/dr"^ etui 

be zero at the same time. From (34) and (30) wo find from the condition ^ () : 

dr dr” 
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which gives a finite positive value fori/onlyif In fact, the two solutions (C) 

and (F) form, two brandies of one and the same curve having a point of inflection 
at infinity, while (A) is the tangent at that point. 

The curves (C), (P) and (A) are represented in figure 3, which will be explained 
later. 

The .solutions for the case 7=0 are: 

(H) ^1 = 1, P< 1 : t/=sin® T — ro==>f— - sin 2\f/, 

Qi 

(41) (Q) /c-0, P = 

o 

(L) /i;=— 1, P>1 ; y-sinh® T — To= - sinh 2^— 

2 

The solutions (Q) and (L) are expanding universes of the first land, but without a 
point of inflection. (Q) is of a parabolical nature, the limiting value of dy/dr for 
y=s CO being zero; (L) is of hyperbolical character (without an asymptote, however) 
the limiting value being dy/dr - 1 fory = <» ; (H) is an oscillating universe, the curve 
being similar to a half ellipse. The curves (H), (Q), and (L) are also given in figure 3. 

In all other oases the integration of (34) leads to elliptic functions. The curves 
given in figure 3 for these cases have been computed by numerical integration, as 
will be explained later. 


25. Empty Universes 

By the introduction of y and r instead of R and t we have, of course, excluded 
from coiisidoration the cose Ei = 0, i.e. po=Ot or univere<s containing no matter. 
In order to treat these wo put 

, R t ct Ri 

y — j r *= — > a=s— • 

^ Ra Ro Rc 


The equation (27) then becomes 


(42) 

with 

( 42 -^) 


V y'^ 




(k, 1,^+1, 0, - 1 ) 


while a can take all positive values or zero. 

If we neglect again and the equation becomes 

(43) 

The solutions of (43) with a different from zero are the same as those of (34), the 
correspondence being given by 7 = la?, y" = ay, t => at. 
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For a = 0 the solutions of (43) give the different "empty univcn-HCiH." Tlie integra- 
tion can be carried out in all cases. We find 

: /c== + l ; (B+) : 7/' = cosh (r'-roO 

k~ 0 : (Bo) : 

2 

— 1 : (B_) : y'=mn\\ (t'—t'o) 


l=s 0 : /c=4-l : no real solution 
(44) h= 0 : (No) : ?/' = con8tant 

k= — l : (N_) : y' — r— n' 

— 1: A; = 4-l:no real solution 
k— 0 : no real solution 
/c=-l (S) : y'==sin(T'“roO* 

The solutions (B^.) and (Bo) are of the expanding typo of the soeond kind, (B.|.) 
having a minimum 2 /' = 1, while (Bo) approaches asymptotically toi/'^O for / == — w. 
(B_) and (N_) are expanding universes of the first kind, while (S) is o.seillating. The 
solution (No), iB-constant, is Newton’s absolute euclidean space, independent of 
the time. All these solutions, with the exception of (No), aro shown in figure 3. 

All these empty universes can be transformed into (quasi-) static ones, as will bo 
shown in the appendix. (B+), (B_), and (Bo) aro equivalent to the static solution B. 


26. Intbodtjction op tub Pressuiud 

So far we have neglected the pressure, i.e. in (33) wo have neglected /i and ija®, 
and in (42) and The solutions of (42) with fl=='0 but dilToront from sioi'o 
have been investigated by Dr. Heckmann^o and diagrams aro given by him for these 
solutions for all nine combinations ; == -f 1, 0, - .1, and Z = + 1, 0, - 1, and for diffor- 
ent values of /3^ The curves are of the same character as those for the case 
aT^O, i.e. the solutions of (43) or (34), which have been treated above. Biiieo in the 
actual universe the value of is extremely small, those solutions do not correspond 
to any physical reality, and it has not been thought necessary to roprocluco Dr. 
Heclonann’s figures. 

If we do not neglect ^ and in (33) the equation can bo simplifiod by putting 
(45) 

The equation then becomes 


(46) 

with 

A«/c+27jjo2 

Gdllinger Naehrichien, February 1932: 181. 


(?c«-M,0. -1) 
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Real solutions, again, are possible only if Q is positive. The curves Q==0 arc, for 
small values of /3 and j?o®, i.e. if A is nearly equal to k and 5 is small, very similar 
to the curves P-0 given in figure 1. There is added a branch 

(48) = 

which does not, however, correspond to a i*eal value of y. Since p and arc of the 
same order of magnitude, is also of the same order, and Zo^ is of a smaller order 
of magnitude. Consequently — is negative, and to z = Za corresponds an 
imaginary value of y. 

The ordinary roots of Q = 0 differ veiy little from those of P = 0. The small cor- 
rections can easily be found numerically, when required, or can be computed by the 
following developments in series. If ym is the root of P=0 for a given value of 7 , 
then the root of Q = 0 for the sajne y is found from 


(49) f 

a 

€ — 3 — 27 2/io* 0 = 3—2/1^10, & = /1 — G7 


and the value y\ of y for which Q“0 is then found from (45) : 


In the case /c=l the ciirvo P'=0 has a maximum for 7 '= 7 i=* d- 4/27 and y—Vi—V^, 
The corresponding values for <3=0 arc found to bo 


(60) 


=i-A3(l-^/i3+~A232- . 
' 27 3 27 


2A 3 27 




The value of 7 must bo found by successive approximations, since A depends 
on 7 , but the approximations converge extremely rapidly. The corresponding value 
of y\ is again found from ® — 170 *. 


27. Integrable Cases 
The solutions for the case 7 = yi now become 




(61) 


(F) (t — To)'\/7i= — cosh ‘i 


Z-{'Zx 


V 


f ■■■ ■ rn.sh-1 / 2«-f«,4- 


3-f- 




iZi~z) 
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where ti and 2i are now taken from (60) and y is dorived from 2 by 
(5P) (A) 

and consequently 2/1 as before. 

For the case 7 = 0 we introduce the auxiliaiy variable a* by 

g=. 

l-2kb 


Then we find instead of (41) 



(H) 

a;=sin^ 

(52) 

(Q) 

2 n 

r TO 


(L) 

.^^“sinh* 


T'-To—i'— 

-26a:^, 


sin 2yp 
2(1 ~ 2b) 


sinh 2 ^ 

’’”’’"“*20+^) 




If 0 and m are neglected the oscillating solution (H), as given by (41), startH at 
\i's=0 and its period is x. If 0 and yo wc talcen into account we nuist use (62), liut 
the initial value now is not ^==0, but i/'=V'0) corresponding to y~i), an<l tiie period 
consequently is x— For j/ = 0 wo have z—yo aud ^po ia fhus dotormiiHMl by 

sin^ ^o=(l— 26));o+6. 

Similarly the solution (L) does not start with ^ = 0 but witli ^ = ^0 givtni by 

sinh® V'o=(l+26))?o4-6. 

In the solution (Q), ^: = 0, we have b~8~0, x^Z'h0, so the starting valuer of 
X is a;o=j?o+/3. If we wish to have t= 0 for j/=0, account must bo taken of th<‘Kn 
values of ypo and a;o in determining the constant of integration to- 

The maximum value of x in solution (H) is Si — l, from whiedr 
21 = 14 - 5 - 5 “+ 

yi = l+o’'+/5+ 

A 


instead of 2/1 = 1. The same value of 21 is found from (60). 


28. Numehical Value op the Pressure Terms 


From (33*), (25), and (26) we have (neglecting 


Po 


where p*=2^*+Pe. In (28) wo found 3p*/po“ 10“^°, consequently the ordinary 
radiation is entirely negligible. For the cosmic radiation wo found in (20) 

3’6 . 10-3® gr. cm-® and from (36*) we have — =2*6 . 10’*^ P, consequently 


i=?L%i=o- 


Po 


Po 


y=0*9 . 10"® Py, 


This is also probably negligible, although it might bo appreciable if P were nonr 
the upper limit given by (37). I have, however, neglected it, and I have talccn 
throughout 

^=0. 
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For the random radial velocities of the oxtragalactic nebulae we can take 
Vo — 750 km/sec = c/400. Assuming that these random velocities have no preference 
for any direction, we have 


and consequently by (33*) 






or roughly 


s?o == 0*004 y. 


I have adopted the following values: 

Expanding universes except (L) : ijo = ‘02 
(53) (L); = 

Oscillating universes for & — +1 : «;o=*004 

Oscillating universes for h=0, — 1: j;o = *01 


29 . Numerical Ini'koration and DiaviCLOPMENTS in Series 


Tho curves for the cases (C), (F), (H), (Q), (L), given in figure 3, were computed 
by tho formulae (61) and (52), using the values (53) of i?i>, and /3 »0. For the other 
cases numerical integration was used, by the foiitiula 

dr==^tdy 


neglecting /3 and At the beginning of tho curves, near 2/=0, for tho expanding 
universes of the first kind and for the oscillating universes, a development in series, 
however, was used. Tho series employed, of which the derivation may be omitted, is: 
u =» Z—So 

T— TO = (Bn)\2zo-\-'ZapU^) 

B == (1 — 2A3o+4-y2o®)“‘ 


( 54 ) 


ai “ 


02 = 


03 = 


Ui — 


as — 




-+i ABu 

3 3 

~AB +— A^B%~ i Byzo’^ 

5 20 5 

~A^B^-h—A^B%~ - Byzo - - AB%^ 
28 56 77 

A^B%~ AB^yzs 
72 9 *^ 576 6 

704 22 1408 88 

1664 104 

2560 48 



176 


Universily of Galifomia PuUicaiions hi Mathcviatics 


where 20 ® has been neglected throughout, ^fo“ iov and beyond, and 20 for do and 
07 . A is given by (47), 20 by (48), and 2 , as always, by (45). If thti prosHuro is 
neglected we have w =2 =y, Zo==0, A =^fc, 5 = 1, and the formulae are niiudi slini>li(ied, 
Near the maximum of the oscillating univei'ses and the miniimun of the oxiianding 
universes of the first land the numerical integration breaks down, and roeourse niUHt 
again be had to development in scries. We put 

2zi 

2 i being given by (49) and wo find: 


(65) 62 = 

6 6 


6i=(-l)fi+(i+3)~l 

L 2i 2i^J 

If the pressure is neglected the formulae are again much simplified. Wo have then 
z=y, Zi-l/i, A=k, 5=0, ei=(-l)Vl/i. 

30. Examples 


The solutions that have been computed and are represented in figure 3 aro the 
following: 



Value of y 

+0-20 yi +0'i0 0 -O'lO 

Empty univei'Hoa 

i™0 iaa — I 

A=-}-l 1 
k’=0 

0 D 

B. F G H J 

P Q R 

K L M 

B+ 

Bo [Nol 

B> N_ S 
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Further “Einstein’s universe” (A), J/=1’5, is also shown. The solution (No), 
7? = constant, is omitted in the diagram. The computations for the solutions (C) 
and (F) were made by the formulae (51), and for (H), (Q), and (L) by (52); for the 
parts of the curves near i/ = 0 and nem* the maxima and minima of y the formulae 
(54) and (55) were used. These all include tlie pressure terms, using the values (63). 
Tlie influence of the pressure terms is, however, entirely negligible in all cases on the 
scale of the diagram. The empty universes were computed by the formulae (44). 



I I I I I I -'in I I i i i 

-I 0 +1 *2 *3 *5 *6 


Figure 3 

Expanding universos for different vahiea of k and y. and empty iiniverBcs. The horizontal 
coordinate is t—to, the vertical coordinate is y (r— to' and y' for the empty universes). 


The resulting computed numbers are given in the tables A and B. 



TABLE A 

VAiTOS OP y AND T— TO FOR DIFFERENT UNIVERSES 
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There is no observational datum which would enable us to choose b( 5 tW(Mui these 
different solutions. The data of obseiwation are the coefTKiicnt of expansion, or Rji, 
for which we can provisionally adopt Rb — 2, 10 ^'^ cm, and the density, which is 
still very uncertain. Instead of the density we can take Ra, Oi’> connection with 
Rjit P = ^Ra^/2R}}^ = Zh^/Kpn. If once we have determined our choice of k and 7 , the 
table (38) shows the values of P that aio admissible. 

When we have fixed our choice on a value of P, y is derived from 
(35) P=l~ky-i-yyK 

Then Ri, which gives the scale, is found from 

(56) 

if \ if yy 

It should bo noticed that unless y is very small, the value of Ri depends praoticuilly 
on Rb and 7 alone. 

In the solution (Q), &=0, 7=’0 we have P — l and consequently Ri^y^^Rn^, but 
ii!i and y are indeterminate. Three-dimensional space is in this case euclidean. The 
fact that Ri and y, and therefore R~Riy, are iiicloterminato does not tluircfore 
represent any indetcrminatencss of the instantaneous three-dimensional spa(je. On 
the other hand, wo have t— ro=*2j/V3 therefore Ri^{t— ny ~4:RnyQ, or 

(W) 

o 

AdoptingI?B = 2 . lO^emthiswouldgivcf— io — • 10® years. This solution (C^) 
is the one of w'hich the compatibility with our present day observational data was 
recently pointed out by Einstein and de Sitter^h The cocfFicicnt of expansion in 
this system is given by 

4 


and the density by 


(58) 

3 4 

KP0 = — 5-= 

Rb 

or 


(580 

0717 . 10®^ 

pQ=S . 


The value of 71 is 4* 4/27 —*148148 if the pressure is neglected. Taking the values 
(53) for the pressure terms wo find fi*om (60) : 

(C) )ift=*02 7i = '148016®® 

(F) ii««=*004 71 = ‘148148. 

In the expanding universes of the second kind P increases continually with tho 
time from zero to infinity, in those of the first kind from unity to infinity, except in 
the case (E) where it passes through a minimum: 

(E) P,„,„==0-130, 3/„in = r291, (T~ro),«i„ = r833, 

*'■ Proceedinffs Nat. Acad. Sci. Washington, 18: 61 (1932). 

sa This value was used for tho computation by (61) of tho data given in tlm tables A and B 
above. Pho diagram, however, v/es drawn from a computation based on 7 i = '16163. Tho dif- 
foronce is negligible on the scale of figuro 3. 
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the oHtiiliatins solutions P deevoases from unity to zero, except in the case (M) 
where it piw.stis tlirough a maximum: 

y,„„*-l-826, (T-TD)„.*=r210. 


expanding universes of the second kind 
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IJi.lO-” 
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(0) I 

-l-l 
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1'5 1 

10 

4'6 

00 

0-663 

CO 

(D) 

-M 
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2' 4236 ' 

10 

6'220 

6-126 

0-530 

2-92 


EXPANDING UNIVERSES OF THE FIRST KIND 
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<K) 

-1-1 

+’20 1 
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4-023 

6'713 

0-784 4-82 

(P) 

0 

+•10 

10 

4-481 

3-831 

2/3 270 

(Q) 

0 

0 1 

1 

See formulae (57), (68), (68')- 
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OSCILLATING UNIVERSES 
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o i 
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^ 1 

1163 

0-651 

2-284 

1’68 


a'ho above table gives the data for the different solutions m figure 3. 

I have talcenP = 10for all expanding iiniverseswith the exception of (Q),of eour^, 
which hm P = 1, and for the oscUIating universes I have made the computations for 
two values of P vis.: P = 0'1 and P = 0'5. In the solution (M) I ^ave also added 
P^l and P = 2. The latter gives^ of course, two values of y with coi responding 
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values of t — to and R\, on both sid(« of the inaximiim. The eorrosponding {hiiiHitics 
are given by 

(36*) • 10'^" g»‘. 

In order to get i? = and cf=iiiT in ccntimotoi’s, wo niust multiply y and r 
by Ri> It may bo mentioned that ItF ein = l’058 , 1(P light yeara — 3‘244 . K)^ 
parsecs. 

31. Indeterminacy of Soi,ution 


It has already been pointed out that there is no observational evidoiuio availal.)I<5 
which would enable us to decide which of the several possible solutioiiH roprosemts 
the actual universe. This is not because the data oi'o not sunicicmtly a(!(!urat(i, l)iit 
because they arc deficient in number. In order to define any particular solution we 
require three things: the cum on which it lies, which is dotormiuod by k and y, tlus 
position on the curve, given by y (or T-To), and the scale, which is tleUn'inituid liy 
Ri. Astronomical observations give us only two data: the coefficient of {ixpanaion 
and the density, Rn and Ra or Rq and P=‘^Ra^/2Rb^. If P were known accurately, in- 
stead of being indeterminate within the wide limits (37), some restriction would bo 
placed on the choice of the solution, as is evident from the table (38) . Thus if it wer(^ 
certain that P exceeded unity, i.c. if the density wore small, all oscillating univorHiis 
would be excluded, except those for negative curvature and nogativo y, and if P 
were smaller than 1, the expanding solutions of the first kind would be impossible, 
except for positive curvature and 7 > 7 i* But the choice of the signs of the (uirvaturn 
and of X, i.o. k and I, would still bo free, and also the numerical value of y or X 
would be undeterminable. 

Sir Arthur Eddington^^ has recently published a remarkable formula, linking up 


the numerical data referring to the univciEO with those roforring to the electron. 
As published by Eddington the foimula reads 


(69) 


Vn 

R 


iruy 


=3*64 . 10>S 


whore N is the number of pretons, i.e. the number of hydrogen atoms, in the univerH (.5 
(or the number of protons and electrons, i.o. twice tins number, Sir Arthur is not 
quite sure on this point), and R is the “radius of curvature of the empty spaiio Im- 
tween the particles of matter.” For this latter he takes tho radius of the "omiity 
universe,” solution B, i.e. he takes R=^Rc> As to it is taken equal to M/n ov 
to 2M/ii, M being the total mass of the universe, and h tho mass of tho hydrogen 
atom. By Jkr=7rWp=3,r%/K (the pressure being neglected) wo have thou 

iV=22^^=9'578 . 10«Pi, 

or Wice this value if the protons and electrons must both bo counted. Eddington’^ 
foimula thus becomes 

(60) A =f^r307 . 

or one-half of this value. 

Bb!': MmS ® ““ Ol'SOfTOtory, 
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The derivation of Eddington’s forinula supposes, of coui’se, a finite universe, and 
therefore A:=-l-l. It is coneoivablo that only a finite number of electrons®'* (pre- 
sumably depending on the number of degrees of fi'eedom of the equations defining 
what an electron is) would be distinguishable one from another. If this were so 
there would be a physioal basis for the finiteness of the universe — though not an 
ohscrvaiional basis, but one depending on the structure of our theory of the electron. 
Whether this theory will admit such a conclusion to be drawn from it I am unable 
to judge, but until this has boon shown to be so, the assertion that the universe is 
finite is a pure a priori assumption, which can be based only on philosophical or 
metaphysical grounds. 

It might also be that the formula (60), or a similar one, could be derived without 
involving the hypothesis of the finiteness of three-dimensional space. In that case 
h would remain indeterminate. 


If the formula (60) were accepted, then the oheerved density and the coefficient 
of expansion, or P and Rr^ would be sufficient to determine all required character- 
istics of the universe, if the values of I and k, i.e. the signs of X aiul the curvature, were 
given a prion. Wo would then have given Rr, P, and and from Bi^y^-PRs'^ wo 
find 


^PR]p<=lRiyip. 


The equation (36) then gives, if wo put a:=\/P/y, 

(01) (*!, !=+l, 0, -1) 


from which x could bo determined, and hence y, after which Ri would be found by 
(50) and then y would be given by 

(62) 


The values of I and k would remain indeterminate. The value 1 = 0, however, is 
excluded by (60), since it requires Bo—'”, 


It is easily verified that the equation (61) gives exactly the same variety of solu- 
tions as (36), according to the different values of P, fc, and h Since P can be derived 
only from observational data within the very wide limits given by (37), the value of 
X derived from (61), and hence that of y, ore extremely uncertain, and the same is 
true of Ri and t- Even the relation (60) would thus, in the present state of our 
knowledge, not enable us to make a definite choice between the different solutions. 


If we make an arbitrary decision regarding 7 , then i2i and Rc can be determined 
from (60) and (62). Then the coefficient of expansion is given by (19), or (34), or 
(56), or 


( 63 ) 




Rb^ 




This waa suggested by Sir Arthur Eddington in a recent conversation with the writer. 
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Omitting the last two toims wc have ha, = 'Y^/Ri = ^Ji^c — UyK oxoopt for 
vei’y small values of y, the actuid value of h will not differ much from ha,- If wc take, 
with Sir Arthur Eddington, 7 = +4/27, the value for Lomattre’s universe, this gives: 

fii = l'133 . 10®^ flc=2*944 . 10«, /u='3140 km/see/lO" ps 
for the value (60) of and 

J2i = 2’206 . lO^®, ige=5-888 . KF*, /i„ = 1570 km/soc/10'' pa 

if one-half of this value must be taken. This would bo the limiting value of tlio 
coefficient of expansion for y —00 (or very lai^e) in Lemaitre’s univorao, if hklding- 
ton’s equation (60) is adopted. Fory=3,i.e. twice the minimum value in Lemattre’s 
universe, the value of h is about two-thirds of the limiting value. With other values 
of y we would, of course, get diffei*ent results. The observed value of h wcnild retiuiro 
a considerably smaller value of fee» (unlcssywerowej’j/ small), i.e. alargnr value of 
an expanding universe of the first land. 

I have dwelt rather long on the consequences of Eddington's formula (51)), 
because, although at first sight it might seem to make the problem det(U’ininato by 
adding one more datum, on closer investigation it appears that even if it be adopted, 
we can decide which of the several possible solutions represents our actual universes 
only by maldng an a priori hypothesis, which is practically equivalent to tlu^ (ihoico 
of a particular solution. 

If Eddington’s equation is not used, we have nothing to guide us, so wc assume 
a certain 7 , our choice being determined raeialy by personal proferon(!(?. Then, since 
the observed density is extremely uncortain, we practical^’' make a rough guess at 
it, i^e. at P, and then find y from (35) and from (56) . The value of Ri, if y is not 
too small, is largely independent of the adopted value of P, and depends practically 
on the observed expansion and the assumed y alone. If, on the other hand, wo 
believe in Eddington’s fomiula, we find that in ordei’ to bo able to use it wo must, on 
account of the same uncertainty of P, again practically assume a value of 71 
then again depends on this assumed value of 7 and on f, and P and y arc found after- 
wards. The only thing that wc have gained is that the determination of P and y 
now depends on Eddington’s equation, instead of on the observed density. 


B2. The Time Scale 

It will be noticed that the values of t— to are in all cases, with tlie exception of 
(C), of the same order as y. If we multiply r— ro by 1*058 . 10"^'^ Pi wo get the 
time elapsed since y had its minimum value (either ys or zero) expressed in units 
of a thousand million years. This time is extremely short, being of the order f)f tlic 
age of the oldest rocks of the earth. In the caa 3 (C) the interval t — to is infinite, 
but the infinity is only logarithmic: the time elapsed since y was exactly ?/2 is infiinto 
but the time elapsed since ywas, say Tlyaoreven 1*01 ya, is again of the same order 
as in the other cases. The whole past history of the universe since it passed through 
the minimum of y is compressed into a veiy short compass. And not only tho past; 
the same is true of the future. In the case of the oscillating universes, this is at 
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once evident from the shortness of the periods. But also in the expanding cases, 
with the exception of (Q) and (L), for which t“0, t— to increases as log y for very 
largo values of y. Thus, e.g. for the solutions (C), (D), and (E) we find that the 
values of c(f— fo) expressed in units of 10“year8for3/*=10,100, and 1000 arc as follows: 


y 

(G) 

(D) 

(E) 

10 

5-41 

4*14 

6*53 

100 

9*60 

8’23 

10*83 

1000 

13‘81 

12-33 

16‘11 


This shortness of the time scale is rather startling at first sight. As soon as the 
theory of the expanding universe became gcnemlly known, the beginning of the 
expansion was identified with the “beginning of the world,” or, since that phrase 
has no definite physical meaning, with the beginning of the evolution of the stars 
and stellar systems. Now this identification is entirely gratuitous. Suppose the uni- 
verse were one of the oscillating kind, any (M) with P = 1 (but any other case will 
do just as well for my argument). Then the beginning of the expansion happened 
1'06 . 10® years ago, and the maximum value of j/ will be I’oachcd in 0'55 . 10® years. 
At that epoch y will be stationary, and after that it will begin to decrease again, 
first slowly and then more rapidly. There is no reason to call this stationary point 
the “end of the world.” Nor is them any reason to call the stationary point of the 
expanding solutions of the second kind, when y is a minimum, the “beginning of the 
world.” It appears tome that there is, at least in those cases, no indication whatever 
of a direct connection between the expansion of the universe and tlic evolution of stars 
and stellar systems. T'hc two processes aro going on simultaneously, but mainly inde- 
pendently of each other. The question becomes more complicated for the universes of 
the oscillating type or of the expanding t3TW of the first land in the neighborhood of 
y = 0. The density and the pressure then become cnomous; os y approaches ssero all 
material velocities approach tho velocity of light, as will bo slrown in the next article, 
and it is impossible to say what will happen, since evidently in tho limit, for y=0, 
the equations are no longer applicable. 

Wo can, of course, easily rologato tho catastrophe to tho time minus infinity, by 
introducing another time variable, o.g. ct=k log y which will make y - 0 forT = - <» . 
If for K wo take tho present value of we will have at the present moment (It/ dl — h 
There is nothing in our expcrionco of the physical world tliat would enable iia to 
distinguish betAVOon tho times t and t. Wo do not know which of those times it is 
that we use as independent variable in tho equations of celestial mechanics, or by 
which we measure the rate of progress of radio active disintegration, or of the 
evolution of a star, or of any other physical process. But the infinity would again 
be only logarithmic, and, if tho univorao were of the oscillating typo, or of the ex- 
panding type of the first kind, wc would still have enonnous densities, pressures, 
and material velocities at times only a few thousand million years in tho past. 
The only conclusion wo can draw from these considerations is that wo are not able, 
with the means at present at our disposal, either theoretical or observational, to 
extrapolate with certainty farther back into tho past (or forward into tho future) 
than a few hundred million years. 
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33. Motion of Material Particles 

The equations of motion of a particle are the differential equations of the goodcsio 
(II). Taking the line element (8) or 

WG find easily^® 


d / rfo‘Y_|_4/ ^ ~0 
ds\dsj y\dsj dr ds ’ 

T=“’ 

ds\ • ds/ y\ ds/dr ds 


where S = sin x'\/h/x\^k» so that x^^'^dO/ds is the expression for the “area.” Theso 
equations can bo integrated at once, and they give: 

da_ 1] 0} 

ds Rii/ ^ ds RiY’ 


(64) 


5j and w being constants of integration. (The denominators Ri and R[^ are introduced 
for later convenience.) Eliminating ds from (64) wo find the differential equation 
of the orbit, which proves to bo tlic equation of a geodesic in the throe-diuicnHionnl 
spaco with the lino element d<r. Wc have thus in the three cases, 

h - -hi : tan x*=tan xo sec 0, tan cr=*f3in xo tau 0 
(65) Or x“XoScc(>, cr^Xotanil 

k- — l\ sinh x“8inh a coscc 0 tanher^sinh xo tan 0, 


whore xo is the minimum radius vector. 

The velocity in this path, however, is not constant, as it would be if y wore 
constant (i.e., in a static universe), but is given by the first of (64), from whieh, since 


wo find 

( 66 ) 



da _ ij 
dr 


Consequently da /dr becomes infinite for2/=0. The space of which the linooloniont 
is da is, however, only a mathematical abstraction, introduced to make the equations 
tractable and to bring out clearly the expansion. The lino elomont of the true 
physical space is Rda~Riyda, llomombering that Ridr—cdt wo have 


( 66 *) 


,d<r_ C7J 
di 


which for y — Q becomes 
(67) 

If y approaches zero, all material 


(^) =c. 

\dt/o 

vdocUiea approach the velocity of light. 


Seo cle Sitter, B. A. iV. V, 193:217 (1030), whoro only the eriso k‘ 
and —1 however the results are the aaiue, 


i+l is oonsidorecl. ForA»0 
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If we wish to investigate the actual track of a material particle, wo must, however, 
not use (66*) but (66), which has the disadvantage that dc/dr becomes infinite for 
y = 0. Combining with (33) we find, however, 


( 68 ) 


da __ ri 1 

dy VyHV VQ 


where 


roinains finite for y — Q. The pressure quantitj' Q is an average of the values 
of for all material particles in tire universe. For t/ = 0 we have thus 


/f^\ 1 

W» - 

which, though large, is not infinite. It should be jioticcc! that it is independent of 
the individual jj’a, and consequently tlie same for all particles, whether they arc slow- 
er quick-moving for ordinary values of y. We can thus carry out the integration of 
(68) which must in all cases bo done numerically. Then, choosing an arbitrary value 
for xoj and taking o-=0 for x^Xo, wc can construct the track by means of (05). 
Projecting on euclidean space by means of the formulae (17), and introducing rec- 
tangular coordinates, wo have for the three cases 

x==r cos tan xo 
' y*r sin j/scc xo 


m 


^ . x»r cos O^RiV xo 
y«r sin 1 / a 

j , x=r eos t/ sinh xo cosh a 
y=®r sin 1 / sinh a 


Some examples have boon computod and arc represented in figure 4. I have taken 
rather large values of xo and largo peculiar velocities t), so as to bring out the char- 
actoristio features of the trajectories near y— 0. Tho adopted data are: 


I : Universe (L), /c== -1, 

II: Universe (E), /c-d-l, );o'=‘02 

III : Universe (Q), /c = 0, r]Q = ‘Q2 

IV : Universe (Q), /c = 0, »jo = '02 
V : Universe (D), /c = + 1, 1)0 "'02 


i?=*02, sinh xo~0'l 
o-=0 for 2 ^==O '10 

tan X(i=0'l 
(r=0 for 

i;-‘02, xo“— 

(r=0 for y^Q 

i?=‘04, xo=0'l 
<r— Ofor j/“=0'10 

j)=‘02, tanxo~0‘005 
<rs=0 for y«=2*S0 
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Some typical traiootoi'lcs of matoiial noiiits in expanding univorsos of tho (irat kind; 

I In (L), II in (E), III and IV in (Q), and of tho ecoond kind: V in (D). Tho unit of longtii 
and time is the value of Rx for onoh iinivorao. Tho timo mavIcB along tho oui’Voh I to .I V 
are at n distance of 0;001 up to 0;010,_thoD at 0*002 up to 0*040, ami from thoro at O'Ol ui> to 
0*10. Tho time T=Toi8 at tho origin in onoh of those onsos. In oiirvo V tho timo inarkn iu*o 
at a distance of 0‘20 throughout, and tlio point r=To is marked by a cross. Tlu) )ioiiiLfl 
<^*0 (X“X») aro mnrkod by small ou'oica 

The trajectories have been drawn to scale, tho value of Iti boing tftkon unit in 
each case, and the scale is marked on all four sides of tho diagram. Tho orioiitatian, 
i.e. the zero of position angle was differently chosen for each curven Tlio zoru 
point of cr, i.e. the point whom x-xo, is indicated on each euvvo by a small {droluj 
except in the case III whore it was taken in the origin, i.e. coinciding with tho monmnb 
when?/=0. The values of tho timo cf=aiRiT have also boon indicated along the ourvi’H, 
the points marked by short bars being, for tho eases I to IV those for =fc:(T~ ro) 

■001, *002, . . . ‘009, ‘010, '012, ‘014, . . . *038, ‘OdO, '05, *06 . . ■ ‘09 ami MO. Tim 
multiples of rfc'OlO are distinguished by tho bar oxtending to both sides of tho ciirvo. 
The increase of the velocity as y approaches zero is very well shown by tlniso time 
marks. Of course all trajectories are, so to say, sucked into tlie origin at tho times 
T=sro when 2 /== 0 . 
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In case V the times marked ai'e d=(T-ro) = 0, 0‘2, 0’4 . . . 4'0, 4*2. The time 
T = TO is marked by a cross instead of a bar. It will bo seen that in this case the 
increase of the velocity near the minimum value of y is not noticeable, and neither 
the point r^ro nor the point <7 = 0, x“Xo Is at all different from any other points 
on the trajectory. 


We have throughout used tlie line element 
( 8 ) 
with 

dtT^—^Pfq ypq d^p 


because it is mathematically convenient for the description of the observed expan- 
sion. But the coordinates in natural measure, corresponding to the galilean line 
element that an observer naturally uses to describe the phenomena in his neighbor- 
hood, are not but = or their projections on euclidean space x and y os 
given by (69). Wc need only consider the radius vector, so we can take, for the sake 
of argument, dx ^dtr. The observed radial velocity is thus 


(70) 


dr 


cdt 


s R_ V 

^ dr It 


fj’A. 


The second term is by far the preponderating term, and it represents the observed 
recession of the spiral nobulao. The formula (70) is the most convenient for the pur- 
pose of comparing the values of dr/dl of different objects at the same time, i.e. for 
the same values of y and h, but different values of r and r?, but it is not convenient 
for the integration. If wo wish to detciwinc the track of one particle, it is better to 
perform the transformation to galilean coordinates after the integration, as has 
been done in the present article. In the case of the expanding universes of the second 
kind these trajectories arc curves of a hyperbolic nature, such as V in the diagram, 
very similar to the hyperbola described by a test body in the quasi-static solution 
B.2® It should be noted that the point of neai-est approach to the origin in this cose 
is not necessarily the point corresponding to T=ro, for which y has its minimum 
value 2 / 2 , but depends upon xo and n, and will be reached at different times by dif- 
ferent objects. 

The statement that all material bodies, if abstraction is made of then’ mutual 
interaction, describe trajectories of this nature, is equivalent to saying that the 
universe expands in the manner required by the particular solution to which these 
trajectories correspond. If this solution is an expanding solution of the second 
kind, nothing very exceptional will happen at tho time of minimum y. If it is an 
expanding solution of the first kind, or one of the oscillating universes, the parts 
of the trajectories nearest the origin are of the nature of tho curves I to IV of figure 

In fact there is n slight dccrcaao of tho velocity in the projection on eiiolidenn space, as the 
offeot of tho projootion in magnifying tho sobIo nway from the origin exceeds the effect of the 
change in tho real velocity, 

Strictly speaking wo should say dx^=Rd^^. Transformation to galilean coordinates is 
possible only locally, and is not a complete differential. 

28 See Appendix. 
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4, all reaching the origin at the same time t = to. But evidently in this case the 
mutual interactions cannot be neglected, and in actual nature the parts of the 
orbits near the zero point must be vei*y different from those represented in the 
figure. 

It should be noted, however, that, although in the idealized case — neglecting the 
mutual interaction — all bodies reach the origin at the same epoch, they approacli 
it with very different velocities, and the perturbations of the orbits by the mutual 
gravitation between them will begin to be appreciable at very different times for 
different pairs of bodies. The simultaneity will thus be destroyed: the shortest 
mutual distances between different pairs of bodi«^ will not all be reached at the 
same time, nor will the bodies pass exactly through the origin. It is of course impos- 
sible to say exactly what will happen, or has happened, but evidently it cannot 
have been entirely without influence on the development of the stars and galactic 
systems. I think the effects of this influence can still be traced. 

The spirals and our own galactic system are all rotating with periods of the order 
of a few hundred million yoai’s. They arc all very unhomogeneoiis in structure, 
consisting of condensations, or star clouds, separated by regions of smaller density. 
If the rotation had been going on undisturbed for a great many revolutions, this 
unhoraogcneity could not subsist. But if only a small number of revolutions (of 
the order of ten) has been completed since a strong perturbation occurred, the unho- 
mogeneity is of comparatively i-ecent date, and lias not yet liad time to bo smoothed 
out. Also the spiral structure itself is most readily explained as an effect of tidal forces 
resulting from a' near approach. If, liowcvcr, wc compute the frequency of near 
approaches of spiral nebulae on the basis of their average peculiar random motions, 
and average distances apart at the present time, taking no account of the change 
of size of the universe, wc find that they should be very rare, the time between 
encounters being more nearly of the order of 10’* years, instead of 10®. 

Also it is a significant coincidence tiiat the minimum value of R occurred at 
about the date of the birth of the planetary system. Modern theories ascribe the 
origin of the planets to a near approach, or even a collision, of the sun and another 
star. Evidently the chances tliat such a collision should occur were very much larger 
at the epoch of minimum size of the universe than they are now. 

It does not follow, however, that tlic minimum value of y in our universe must 
have been zero. It is quite possible that the density at tho minimum of an expanding 
universe of the second land will bo large enough to increase tho frequency of en- 
counters sufficiently to produce these effects. Thei*c is no escape from the conclusion 
that we do not know which of the possible solutions represents the actual universe. 



APPENDIX 


ON STATIC AND QUASI-STATIC (EMPTY) UNIVERSES 

Although the static universes are, so to say, of only academic iiitorost, it is perhaps 
worth while briefly to consider their chief characteristic features. 


34. Existence of Static Universes and Transformation to Non-statio Ones 
Wo take again the line elemeiit 
( 8 ) 

where now we suppose 72 to bo a constant and v a function of the space coordinates 
only. We suppose the three-dimensional line element do to have spherical symmetry 

(71) ' I ' clO ^), 

where 6 is a function of x only, and, on account of the spherical symmetry, v is 
also a function of x only. Since wo do not wish tlie origin of coordinates to be an 
exceptional point, wo have to add tlio further condition tlmt the three-dimensional 
space shall have the constant curvature k, and wo can limit the values of k to -j-1, 
0, and -1. Tlion wo have 



/o « -f- 1 : 

h=sin* X 

6' 

-=2 cot X 
b 

(72) 

/c*= 0 : 

h=X* 

b' 2 
h X 


fc = — 1 : 

l<=0inh* X 

^■=2 coth X 
b 


In each case the invariant G of the lino olomoiifc (h is 


2 lh'\2b"_ 

dilTcrcntial quotients d/dx being denoted by accents. 

Further, wo have 

Gn “ (3) ^ni H ' Gii — ( 3 ) On ” It'— * 0^3 = Oi2 sin® 

V 2 V 


U.-i 


vv' 


4 - 1 ' 


^ ^ 

72 * 72 * b ' 


Wo take again the energy tensor 

(9) OixiV) 0) 

fioij 
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Then the field equations 


(I) 

G^p—1\gap-\-KiTap — -qo.pP) —0 

become 

B,<?u+-+B=[X+kp-2))]=0 

V A 

(73) 

(3) o^+h''t.+m [x+1 «(p-p) ] =0, 

2 V 2 

(74) 

^^+^.-+ii’[X-i*(p+32))]=0, 

V b V 2 


Since the three-dimensional space dtrmust have the constant curvature k wo must 

aO,,+"2ky„=0, 

from which we find, by comparison with (73) the conditions 

v" 1 V 


(75) 


V 2 b V 


=3 


q+R^ [X+~«(p— p) ] =2/0, 

i! 

q being a constant. Substituting in (74) wo find 


and consequently we have 
(76) 


g=-lK>[X-i«(p+3?))], 

X+Kp = - 

, , , 2(fc+g) 

«(P+P)=-^. 


which can be compared with the equations (20) for the non-static universes, and of 
which (llA) and (IIN) are special cases. 

The equations (75) determine v. In tho different cases wc have by (72) 


/c-d-l : 


•=etan X, 


•=3+{3^+?) tan® x- 


Since also i}*'/v=>q, we must have g^+fjr— 0. Consequently there aro two 
possibilities: 

2 

q— 0 : v=c (solution A) K{p-\-p) = — j 

g — — 1 : t>=c cos X (solution B) k(p+p)=s0. 


•=9X, 


-=gH-sV* 


h=0 : 
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The only possibility is 

q = 0 : y==c(solution N) k(p+?j) =0 

t)' 

k= — l: - — q tanh x, — — tanh^x* 

V V 

Wo have again two possibilities, viz.: 

5 = 1 :y-G cosh X (solutions) k(p+j>) = 0, 

2 

5 = 0 :y = c K(p-f-p) = __. 

This last solution tliiis gives a negative density. It can theroforo be dismissed 
as impossible in nature, and the solution (A) is the only possible static solution with 
a finite positive density. The solutions (B), (N), and (S) have p-\-p~0, and are 
thus “empty universes.” All of those ai-o only quasi-static, and can be transformed 
to non-static solutions, in which H ia a function of the time, while y = c is constant. 

If wo denote by dak the lino element of a three-dimensional space of constant 
curvature k {k = -\~l, 0, or —1), the condition that a transfoimation shall bo possible 
such as 

V being a fuiustion of the radius vector x only, and y a function of the time r onlj^, 
is easily found to bo (a dot denoting dilfei'cntiation with respect to t) 

( 77 ) i/^-ky^+l=0. 

which gives for y the values of the non-static solutions 

(11,), (B„), (B_), (No), (N-), and (S). 

For y wo find then, indopondent of I, 


/c = -|-l ; 

y=co8 X 

0 : 

li 

;c=~l : 

y=C08h X, 


agreeing with tlie static forms (B), (N), and (S) of the solutions. Comparing (77) 
with the e(]uation for the non-static univei*8e (in which wo interchange I and k) 

(43) 

y 

wo find that the tranHformati«)n is possible for empty universes a=0 only. Tliis is 
equivalent to saying that the transformation of a static into a non-.static solution 
is po.ssiblo only if the /mowlinKmsional space-timo has constant curvature. Tliis 
requiro.s from wliieh by the equations given above wo find 

3e' « - [X-|~iK(p“p) ] = ” [X“~K(pH-3p) ], 

A 
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giving k(p 4-?)) = 0, i.e. an empty universe. The curvature of four-dimensional space- 
time is found to be 


tj 


R^' 


The actual transformations are easily found. We put, for brevity, 

\p d&^. 

Then 

(B) : X d'p^)+cos^ x dt^ 


is transformed as follows: 



(B+) 

sin x = cosh rsin p, tanh i = tanh r sec 

ds^ =~cosh^ T(dp“4'sin ®p d<p^)-\-d7^, 


(Bo) 

sin x=J’ e“, i=w-l-lg sec x 

ds^~~e^'^{dr‘^-\-r^ 



sin x=9inh j^sinh w, tanh f = tanh v cosh a 


(B_) 

ds2 = _siny )/(d<*>“-|-sinh® w d(p'‘)-\~dv^. 

(N): 



gives 

(N.) 

X=r, i=u 

ds® = — -|-dit®. 


(N„) 

X = v sinh w, t~v cosh w 

ds® = — ij2(dw®-f-sinh® w d(p^)-irdv'^. 

(S) : 


ds® = --(dx'^+sinh® x d(p®)-l-cosh® x dt^ 

is transformed as follows: 


(S) 

sinh X — sin v sinh co, tan i==tan v cosh w 
ds® = —sin® V (dw®-l-3inh® w d^®)-}~d;'®. 


We find thus again all the empty universes of art. 25, and no others. 


35. Motion op Material Particliss 

In order to investigate the motion of a material particle in the different static 
universes A, B, N, and S, we have to construct the equations of the geodesic. The 
integration of the first three of these gives tho equation of energy and the equation 
of areas. Then the equation of the track is found by elimination of ds from these 
two. The fourth equation of the geodesic, giving dH/dd^, is in all cases easily inte- 
grated, enabling us to replace ds by dl in tho equation for the velocity or for the 
area, and, by integration of the resulting equation, to derive the expression for the 
coordinates as functions of tho time. 
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For the cases A and B the results have been worked out long ago.^° In A the 
track is a geodesic in the space da which is described with unifonn velocity. 

In B it is best to use the projection on euclidean space by the formulae (17), 
talcing 1 ’ = /^ tan x- The lino element is 


(78) 




dr" 




1 + 




1+— 


1 + 


/e" 


The equation for tho track is found to be 

/di’Y r"(r"-a")(r"~|-6") 

\do) 

which gives the hyperbola 

t^t = i 

a" 6" ’ 

and we liavo 

X— acoshw, y=6ainhif, 


The coordinates x and y thus inci’ease continually with the time: the universe is 
expanding. 

Tho radial velocity is given by 


(79) 




The sonii-nxos of tho hyperbola arc o^i’o, h^liva, ro being tho minimum distance 
from tho origin, and vo“ro(d^l/dOo the velocity at that point. 

Sineo in tho lino oloniont (78) diiTors from unity, there will bo a displacomont 
of all spoctral linos toward tho red amounting to 


(80) 


X|-X \ _r=_ 

X /i 2 m 


Superimposed on this will be tho Doj)i)ler offoct due to the velocity (70). In 1017, 
wlion the solution B was iirst discovered, it was not realized that tlie velocity dr/df, 
of which only tho square is determined by (70), would always bo po.sitivo, and it 
was tliought that this Doi)pl(U' elToct would not bo aysttunatic, the rod shift (80) 
boing tho only syHt(nnati(i (drect. The velocities are, however, all positive; in other 
words, all ob8erval)Io bodies are on tho receding branehoa of their rospoetivo hyper- 
bolas, having pas.sod tho apex long ago, ho tiiat none roi\min on tho approaching 
brancho.s. The Doppler elfecit is a linst-order effect, being proportional to v/H. Since 
(80) is a second-order torin, w(! must coiriiuito tho Doppler eirect by tho rigorous 
formula correct to the setiond (n-flor. Wo thon find for a velocity q: 



” do SHtor, M. N. Ixxviii: M-iO (11)17). 
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and, taking q — dv/di~x/R, we find that the red shift (80) is exactly cancelled, leav- 
ing only the linear effect X — X r 

R' 


in exact agreement with the result from the theory of the expanding universe. 

In the case N we have the ordinary Newtonian mechanics: the inertial track of a 
particle is a geodesic in euclidean space described with constant velocity. 

Finally, in the case S, of which the line element, if wo use again the projection oh 
euclidean space, is 


ds2 = 


dv 


1 +— 

R? 


-rH#“+sinS 


we find the equation of the track 


xdQ/ 


which is the differential equation of the ellipse 

and we have again a=ro, D = I2vo. 

The equation of areas, rMfl/ds = constant, is satisfied, as in all other cases. The 
expression for the radial velocity becomes rather complicated. It is 



The orbit being an ellipse the universe is of the oscillating kind, which is verified 
by the transformation to the non-static form given above. 



